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Preface
This thesis is driven by the needs of an accurate model for calculations of particle charge
distributions through diffusion charging process in unique conditions.
•

Aspects of text, figures and tables included in Chapter 2 were published in J. Aerosol
Science, Volume 140, February 2020, 105481, titled ‘Comparison of the predictions of
Langevin Dynamics-based diffusion charging collision kernel models with canonical
experiments’ (https://doi.org/10.1016/j.jaerosci.2019.105481).

•

Aspects of text, figures and tables in Chapter 3 were published in published in J. Aerosol
Science, Volume 151, January 2021, 105678, titled ‘An experimentally validated model of
diffusion

charging

of

arbitrary

shaped

aerosol

particles’

(https://doi.org/10.1016/j.jaerosci.2020.105678).
•

Aspects of text, figures and tables in Chapter 4 have been submitted to J. Phys. D: Appl.
Phys for review.
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Abstract
The particle electric charge distribution plays a critical role in electrical mobility measurements of
nanoparticle size distribution functions, where it is usually estimated by empirical regression
equations. However, there are still lack of methods to accurately calculate nanoparticle-ion
collision rates in the presence of strong attractive potentials and to calculate aerosol particle charge
distributions with detailed consideration of ion properties.
This dissertation consists of three main parts and aims to address the pending issues. The main
purpose is to obtain a precise prediction on the aerosol particle charge under various conditions of
charging, along with the collision kernel expressions developed and validated. Chapter 2 develops
a diffusion charging collision kernel model for attractive Coulombic and image potential
interactions between ion and particles. Chapter 3 extends the prior developed model to include the
influence of particle. Chapter 4 demonstrates a modeling approach to calculate particle charge
distribution through a non-thermal plasma and afterglow.
This dissertation presents the theoretical results showing the calculation of the distribution of
charges on aerosol particles as a function of particle mobility size and the simulated results are
tested by comparison with experimental results. Specifically, comparison with the data of
Gopalakrishnan, McMurry, and Hogan (2015a) with entire ion mass-mobility distribution shows
good agreement with predictions of the Langevin Dynamics (LD)-based model, thereby indicating
the capability of model to accommodate multi-ion populations and arbitrary shapes of particles.
We successfully validated the ability of LD-based simulations to accurately predict rate constants
for collision processes in physical systems.
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Chapter 1 Introduction
1.1 Charging Process in an Aerosol
The purpose of this study was to theoretically study diffusion charging of aerosol particles by
gaseous ions. An “aerosol” is defined as a system of liquid or solid particles uniformly
suspended in a gas medium, usually air. Aerosols are formed by the conversion of gases to
particulate matter or by the mechanical disintegration of liquids or solids. Aerosols can also be
generated from the resuspension of powders. Particles formed directly from a gas phase tend to
be much smaller (diameter on the order of 1 µm) than that formed by a disintegration process.
Natural aerosols include desert dust, forest fires smoke, sea spray, and volcanic ash. Typical
examples of artificial, also called anthropogenic, aerosols are sulfate, nitrate, and carbonaceous
aerosols, which are arise mainly from combustion of fossil fuels. Natural, industrial, or human
aerosols may have a strong impact on human health and climate. The important factors in this
respect include the aerodynamic size distribution of the aerosol particles, the degree of
agglomeration, and chemical composition. Fine particles can penetrate deeply into lungs and,
potentially, harm health. It has been demonstrated in experimental studies (Ferin, Mercer, &
Leach, 1983; Prodi & Mularoni, 1985; C. P. Yu, 1985; C. P. Yu & Chandra, 1977) that charged
particles have a significant effect on deposition probabilities of aerosol deposition on the lung
due to electrostatic force between the lung wall and the charged particles, and properly charged
particles can be used for effective lung targeting of pharmaceutical aerosols (Golshahi, Longest,
Holbrook, Snead, & Hindle, 2015; Holbrook, Hindle, & Longest, 2015; Wong, Chan, & Kwok,
2013). It is noted that particle coagulation and surface chemical reactions could be affected by
surface charge acquired by particles, thus changing properties of the particles, such as shape,
stability, and adhesion. An interesting question then is: how do particles get charged?
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The nature of the aerosol particles charging process is of fundamental scientific interest. There
are two distinct charging mechanisms: diffusion charging and field charging. Aerosol particles
suspended in a background gaseous medium containing ions are charged by collisions between
ions and particles, which are brought out through ion thermal motion and electrostatic force
between the ions and the particles. One of the principal mechanisms by which aerosol particles
are electrically charged is called “diffusion charging”. In contrast to diffusion charging, field
charging occurs in the presence of an external electric field. Field charging and diffusion
charging processes are of comparable importance. Field charging is the controlling mechanism
for large particles whereas diffusion charging is the controlling mechanism for fine aerosol
particles. Particle charging research has a long history, with the majority of studies focused on
ultrafine particles(Adachi, Kousaka, & Okuyama, 1985; Adachi, Okuyama, Kousaka, Kozuru, &
Pui, 1987; Hunt & Petrucci, 2002; Marquard, Meyer, & Kasper, 2007b; Pui, Fruin, & McMurry,
1988).
Depending on the electrical polarity of the ions contained in the medium, charged aerosols may
acquire a like charge (unipolar charging) or an unlike charge (bipolar charging). Bipolar charging
(neutralization process) plays an important role in aerosol sizing and measurement systems, such
as a differential mobility analyzer (DMA). Usually, unipolar charging has a higher charging
efficiency than bipolar charging in which the charged particles of two polarities tend to attract
and neutralize each other. To investigate electrical effects in aerosols studies, methods of
predicting the charge states of aerosol particles are garnering increasing attention. Both unipolar
and bipolar diffusion charging have been studied theoretically and experimentally by various
research groups and charging models of different complexity are available in the literature
(Adachi et al., 1985; Gentry & Brock, 1967; Gopalakrishnan et al., 2015a; Gopalakrishnan,
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Thajudeen, Ouyang, & Hogan, 2013; Hussin, Scheibel, Becker, & Porstendörfer, 1983; Wen,
Reischl, & Kasper, 1984b; P. Y. Yu, Wang, & Gentry, 1987). An accurate knowledge of the
charge distribution of aerosol particles is of practical importance in the design and operation of
devices. For instance, aerosol particle size distribution measurements are based on electrical
mobility analysis (Knutson & Whitby, 1975; Talukdar & Swihart, 2003) and an aerosol counting
instrument uses the amount of charge acquired by particles after they pass through a charge. It is
necessary to know the accurate charge state of particle prior measurements. When a particle is
charged, the electrical field formed in the vicinity induces a repulsive force on the incoming ions,
leading to a reduced probability of further ion–particle collisions. As a result, the number
concentration of particles at p charge level tends to reach a steady state after aerosol particles
undergo diffusion charging in a sufficient time, and the change in number concentration may be
described by a system of population balance equations:
0≡

𝑑𝑛&
= 𝛽&'(,*( 𝑛&'( 𝑛*( − 𝛽&,*( 𝑛& 𝑛*( − 𝛽&,'( 𝑛& 𝑛'( + 𝛽&*(,'( 𝑛&*( 𝑛'( … (1)
𝑑𝑡

for bipolar charging (ions of ±1 charge), where 𝑛& and 𝑛±( are particle carrying p charges ( 𝑝 =
−∞ … − 2, −1,0,1,2 … ∞ ) and ion number concentrations, respectively. 𝛽&,±( is the collision
rate constant. 𝑛& normalized by the total number concentration of particles yields to the steady
state fraction of particles carrying specific charges can be solved from population balance
equation (Adachi et al., 1985; Reischl, Mäkelä, Karch, & Necid, 1996). The collision rate
constant is critical to the estimate of steady state charge fraction, as noted in Eq. 1. Physically, in
any transport problem, collisions play an important role (Jasper & Miller, 2009; Matsugi, 2020;
Parry et al., 2013; Stace & Murrell, 1978; Troe, 1986). In diffusion charging, the amount of
charge captured by the particle depends on the collision rate of the particle with the ions in the
surrounding gas medium. The charging rate is influenced by a number of variables, such as
3

gaseous ion concentration, particle diameter, shapes of particle, ion properties, and the nature of
background gas. Collisions between aerosol particles and ions are often determined by the ratio
of the mean free path of the ions (or the average distance traveled by an ion before it collides
with a particle) to a characteristic length scale, which is defined as the diffusive Knudsen
number, 𝐾𝑛# (Gopalakrishnan & Hogan, 2011b; Pui, 1976). A formal description of 𝐾𝑛# will be
presented in the chapters that follow.

1.2 Theoretical Background
𝐾𝑛# defines three different dynamical regimes that govern the behavior of suspended entities. If
𝐾𝑛# → 0, the motion of the entities is diffusion controlled (N. A. Fuchs, 1963), as if they are
suspended in a continuum, high pressure system. Under continuum regime, the mean free path of
suspended entities is small relative to the particle radius, and there are many intermolecular
collisions of neighbor gas molecules. The process can be assumed to be steady-state diffusion of
ions to a stationary particle in which the charging rate can be solved from a diffusion equation
for ions in the electrostatic Coulombic field (with a possible additional term caused by induced
image charge) of a charged particle (N. A. Fuchs, 1963; Gunn & East, 1954), which has been
experimentally validated by many researchers (Kirsch & Zagnit'Ko, 1981; McAllister &
Crichton, 1989). In the other extreme regime, 𝐾𝑛# → ∞, the entities appear to be suspended in a
free molecule regime, where the ion moves ballistically (Allen, 1992; Mott-Smith & Langmuir,
1926) because of collision with background gas molecules with lower probability . In the free
molecular regime, the particle may be regarded as making independent and binary collisions with
ion. The charging theory of free molecular regime is mostly based on approximate solutions of
the Boltzmann Equation for the spatial ion distribution around a single particle.

4

However, in most experimental aerosol charging studies, the experiments were performed with
sub-micrometer particles in atmospheric pressure and a temperature of 10, ~10- K. For this
reason, nanoparticle collisions in the gas phase often occur within the mass transfer transition
regime, 𝐾𝑛# ~1, in which the transport process is complicated because entity motion is affected
by both inertia and Brownian motion. From a theoretical standpoint, charging process in
transition regime is hard to quantitively describe due to many interacting variables and
mathematical complexities. In addition, image forces associated with multi-body induced by the
non-uniform distribution of charges on the particle surface make the charging process very
complex. Theories ranging from approaches based on simple considerations of the kinetic theory
of gases (Fuchs, 1964; William A. Hoppel & Glendon M. Frick, 1986; Wiedensohler, 1988) to
approximate solutions of the Boltzmann equation have been proposed. So far, the most
commonly applied approach is the flux matching theory (N. A. Fuchs, 1963), considered as a
correction to the continuum diffusion-mobility equation, which is commonly invoked to describe
the diffusion charging of particles in the transition regime. Fuchs’ theory describes motion of
ions by macroscopic diffusion-mobility theory when the ion and the particle are sufficiently far
from each other, which is the case outside the limiting-sphere. The concept of the limiting-sphere
can be traced back to the first diffusion charging model (Natanson, 1960). When an ion is inside
the limiting sphere, the ion is treated as moving entirely ballistically without collisions with
background gas molecules. This theory has been modified (William A. Hoppel & Glendon M.
Frick, 1986) by using a first-order correction involving the dependence of ion properties on
collision probability. But higher-order correction (Gatti & Kortshagen, 2008) or even infiniteorder corrections in principle can be added to make the theory more exact. While the other
approach is based on approximate solutions of the Boltzmann equation, BGK-models (Boisdron
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& Brock, 1970; Gentry & Brock, 1967; David D. Huang, Seinfeld, & Marlow, 1990) provide
better predictions of charge distribution of aerosol particles with diameter smaller than 30 nm
using the first-order approximations of the Boltzmann Equation. Research studies are ongoing on
an accurate Boltzmann Equation solution with the complete potential function.

1.3 Pending Issues
Although many published experimental studies (Adachi et al., 1985; Biskos, Reavell, &
Collings, 2005; D.-R. Chen & Pui, 1999; Kwon, Fujimoto, Kuga, Sakurai, & Seto, 2005;
Francisco J. Romay, David Y. H. Pui, & Motoaki Adachi, 1991) have supported its validity, the
flux matching-based approach has been found to be applicable only in a limited 𝐾𝑛# range for
calculation of collision kernel citation, with the range of validity dependent on the strength of the
potential interaction between the particles and the ions. The main obstacle is when the potential
interactions between the ions and the particles are significantly larger than the thermal energy
(Filippov, 1993; R. Gopalakrishnan & C. J. Hogan, Jr., 2012; López-Yglesias & Flagan, 2013).
Fuchs’ theory describes the speed of an ion by the mean thermal speed inside of the limiting
sphere, leading to incorrect collision kernel. For this reason, Fuchs’ theory is rarely adopted in
plasma charging area where the particles tend to become highly charged with

~102 – 104

e- per particle.
Combining the collision kernel calculated by the theories with the numerical solutions of
complicated birth-death equations (Adachi et al., 1985; Adachi, Okuyama, & Kousaka, 1987;
Boisdron & Brock, 1970), charge distributions can be estimated and compared with experimental
measurements. Many experimental studies measuring the charge fraction of particles of a given
size have been conducted to test the diffusion charging theories. In such studies, the techniques
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used include a combination of a DMA and an electrical aerosol analyzer and a combination of
DMA and optical aerosol spectrometer and tandem mobility analyzer (TDMA). Use of any
charging theories mentioned above to predict the charge fraction of aerosol particles needs ion
properties, including mass and mobilities beforehand, since the charging distribution of aerosols
leaving the charging device is related to a complex relationship between ion properties and
aerosol parameters. Ion mass and electrical mobility can be measured using a combination of
mass spectrometer and drift tube. Generally, apparent mobilities are not constant due to
phenomena, such as charge transfer, nuclear transfer, and clustering, which result in a gas that
contains different species of ions with a range of mobilities. Ion properties are markedly
influenced by, for example, humidity and chemical composition of the background gas (may
contain contaminants)(Steiner & Reischl, 2012) and aging of the ions. Quantized ion mobilities
(peak mobilities) of air both positive and negative ions are observed and reported (de Juan &
Fernández de la Mora, 1998; Gopalakrishnan, McMurry, & Hogan, 2015b; Kwon et al., 2005;
Maißer, Thomas, Larriba-Andaluz, He, & Hogan, 2015; Ungethüm, 1974) for different types of
ion source, such as surface-discharge microplasma aerosol charger (SMAC), soft X-ray, and
radioactive sources. Instead of involving the entire mass and mobility distribution of ions, mean
ion properties from previous measurements in air (Mohnen, 1974; Pui, 1976; Vohra, Subbaramu,
& Vaseduvam, 1969) or chosen by fitting the best agreement between theoretical predictions and
measurements (Adachi et al., 1985; Hussin et al., 1983; B. Y. H. Liu & Pui, 1974; Reischl et al.,
1996; Wiedensohler & Fissan, 1988). Use of ion properties that are not measured independently
is not an appropriate method to examine charging theories. In addition, taking the average over
all the mobility data does not necessarily give the correct mean mobility because of the different
species of ions involved in the different measurements (Loeb, 1955). Thus, the polydisperse
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properties of the entire ion distributions need to be considered for correct ion-particle collision
calculations.
In regard to the limitations of the Fuchs model, inconsistencies of the BGK-models (David D.
Huang et al., 1990), as well as inaccurate predictions with previous measured ion properties, the
analysis of diffusion charging in the transition regime is still an open problem. Overcoming these
challenges could lead to a better understanding of particle-ion collisions in the gas phase, and a
possible more accurate expression for collision kernel model to calculate the charge distribution
in unique conditions.

1.4 Methods and Topics Used
In the present study, we followed the theoretical approach taken by previous workers (Chahl &
Gopalakrishnan, 2019; R. Gopalakrishnan, T. Thajudeen, et al., 2013) to further analyze the
remain collision kernel expression problems of diffusion charging process. In recent years, this
new approach involving combination of dimensional analysis and mean first passage time
calculations with Langevin dynamics (LD) methods (Ermak & Buckholz, 1980). This method
can be used for charge distribution calculations in all transport regimes (continuum, free
molecular, and transition regimes), is capable of producing polydisperse ion mass and mobility
distributions, and is easily extended to aerosol particles of arbitrary shapes. It has been
successfully used in developing collision rate expressions for collisions between spheres (R.
Gopalakrishnan, T. Thajudeen, & C. J. Hogan, Jr., 2011b), vapor molecule condensation onto
non- spherical particles (Gopalakrishnan & Hogan, 2011b), collisions between spheres
considering the Coulomb potential(R. Gopalakrishnan & C. J. Hogan, Jr., 2012), collisions
between two non-spherical particles (T. Thajudeen, Gopalakrishnan, & Hogan, 2012), collisions
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between uncharged particles and ions in the presence of image potential alone (H. Ouyang, R.
Gopalakrishnan, & C. J. Hogan, Jr., 2012b), collisions between a like charged particle and ion
including the effect of both coulombic and image potential (Gopalakrishnan, 2013), Coulombicinfluenced collisions between an unlike charged particle and ion (Chahl & Gopalakrishnan,
2019) ,throughout the entire 𝐾𝑛# range in all cases.
Due to the complexities brought by image force into the theoretical calculations, some studies
ignored the influence of image potential and only took the long-range Coulombic interactions
into account. The significant effect of short range attractive image potential on the particle
surface has been demonstrated (Keefe, Nolan, & Scott, 1967) and the collision expression for
collision rates between ions and uncharged particles was obtained by workers who developed a
functional form of collision kernel for repulsive Coulomb and image potential interactions (R.
Gopalakrishnan, T. Thajudeen, et al., 2013). Thus, one of the purposes of the present work was
to study the effect of image potential on bipolar charging and to develop an expression for
nondimensional collision kernel for attractive Coulomb and image potential interactions between
an ion and an aerosol particle.
Although a fundamental assumption usually made in most diffusion charging theories is that the
particle is spherical, previous studies have shown the effect of particle morphology on diffusion
charging (Jen‐Shih Chang & Laframboise, 1976; Maricq, 2008; Vomela & Whitby, 1967; Wen
et al., 1984b). Theories and experiments have indicated that non-spherical particles are charged
differently from spheres in both unipolar and bipolar charging. It is important to consider
diffusion charging of non-spherical particles with concerns over combustion products (Maricq,
2008; Sorensen, 2011), such as soot emitted by diesel engines, as primary sources of aggregated
particles as well as the higher charging efficiency of aggregates with low fractal dimension that
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spheres with the same mobility diameter. Therefore, the effect of particle morphology needs a
sophisticated analysis, which is demonstrated in Chapter 3.
The rest of this dissertation is organized as follows:
In Chapter 2 is presented a developed dimensionless collision kernel model for attractive
Coulomb and image potential interactions, along with the charge distribution predictions by
model compared against experiment results. The collision kernel model was extended to cover
the effects of particle shapes. The capability of the LD simulations to accommodate arbitrary
shapes of aerosol particles is the subject of Chapter 3. An application of diffusion charging
collision kernel model (unipolar and bipolar charging) ti the estimation of charge distribution in
plasma afterglow region is presented in Chapter 4. Overall, this study for the first time provides a
comprehensive comparison between the predictions of collision kernel models derived by
analyzing Langevin Dynamics simulations and experimental data.

10

Chapter 2 Diffusion Charging of sphere particles1
In this chapter, a model for the non-dimensional diffusion charging collision kernel 𝛽. or 𝐻 that
/

is applicable for 0 ≤ 𝛹$ ≤ 60, 0 ≤ / ! ≤ 1, 𝐾𝑛# ≤ 2000 was developed based on the prior
"

work of Chahl and Gopalakrishnan (2019) that infers particle-ion collision time distributions
using a Langevin Dynamics (LD) approach. The developed model for 𝛽. for attractive Coulomb
and image potential interactions is tested against published diffusion charging experimental
data.

2.1 Introduction
Electric charge significantly influences the growth, electrostatic drift and collective behavior of
particles suspended in a gas. Accurate determination of aerosol particle charge distribution is
necessary to describe aerosol dynamics (Gelbard, Tambour, & Seinfeld, 1979; In Jeong & Choi,
2001; McMurry, 2000; Wu & Flagan, 1988) as well as for the inversion of particle electrical
mobility data to infer measures of equivalent mobility size (Hagen & Alofs, 1983; Hogan, Li,
Chen, & Biswas, 2009). The charging rate of particles 𝑅. is evaluated as the product of the
particle-ion collision kernel/collision rate coefficient/attachment coefficient 𝛽. , the particle
number concentration 𝑛& and the ion number concentration 𝑛. (i. e.) 𝑅. = 𝛽. 𝑛& 𝑛. . In this article
we focus on the theoretical description of 𝛽. for diffusion charging – the attachment of molecular
ions driven by electrostatic forces and thermal diffusion (Brownian motion) to aerosol particles.
Within the ambit of diffusion charging of particles, we exclude effect of external electric fields
(Brock, 1970b; Brock & Wu, 1973; Fjeld, Gauntt, & McFarland, 1981; J. Hwang & Daily, 1992;

1

Aspects of the results described in this chapter (including some text and figures) have been published
in (L. Li, H. S. Chahl, & R. Gopalakrishnan, 2020)
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Kirsch & Zagnit'ko, 1990; B. Y. H. Liu & Yeh, 1968; Marquard, Meyer, & Kasper, 2007a;
Unger, Boulaud, & Borra, 2004) and magnetic fields (J. S. Chang & Ono, 1987), high ion
concentration (Adachi, Okuyama, Kousaka, Kozuru, & Pui, 1989; Marquard et al., 2007a), and
charging by direct impact of free electrons (O'Hara, Clements, Finney, & Davis, 1989; Romay &
Pui, 1992; Ziemann, Kittelson, & McMurry, 1996; Ziemann, Liu, Kittelson, & McMurry, 1995)
as beyond our scope here. We restrict our scope to the unipolar and bipolar diffusion charging of
spherical aerosol particles and defer the consideration of particle shape (Biskos et al., 2005;
Gopalakrishnan et al., 2015a; Gopalakrishnan, Meredith, Larriba-Andaluz, & Hogan, 2013;
Gopalakrishnan, Thajudeen, Ouyang, & Hogan Jr, 2013; Oh, Park, & Kim, 2004; Steven N.
Rogak & Richard C. Flagan, 1992; Unger et al., 2004) to future investigations.
Aerosol particle charging, by virtue of the sub-µ𝑚 length scales, takes place in the transition
regime (T. Thajudeen et al., 2012) of ion transport wherein an ion’s motion is significantly
influenced by both diffusional motion (at large particle-ion separations) and inertial motion (in
the immediate vicinity of the particle). To capture the potential energy driven collisions of ions
with particles in the presence of background gas, development of theoretical approaches to
calculate 𝛽. for diffusion charging has received significant attention in prior work (Bricard,
1962; Chahl & Gopalakrishnan, 2019; D'Yachkov, Khrapak, Khrapak, & Morfill, 2007; N. A.
Fuchs, 1963; Gatti & Kortshagen, 2008; R. Gopalakrishnan & C. J. Hogan, 2012;
Gopalakrishnan et al., 2015a; R. Gopalakrishnan, M. J. Meredith, et al., 2013; Ranganathan
Gopalakrishnan et al., 2013; W. A. Hoppel & G. M. Frick, 1986; Lopez-Yglesias & Flagan,
2013; Lushnikov & Kulmala, 2004; Marlow, 1980; Ouyang et al., 2012b; Sharma, Wang,
Chakrabarty, & Biswas, 2019). Currently, the most widely used models of diffusion charging (N.
A. Fuchs, 1963; W. A. Hoppel & G. M. Frick, 1986) are credited to the limiting sphere paradigm
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of Bricard (1962) and N. A. Fuchs (1963) and the variants therein (D'Yachkov et al., 2007; W.
A. Hoppel & G. M. Frick, 1986; Lopez-Yglesias & Flagan, 2013; Lushnikov & Kulmala, 2004;
Marlow, 1980; Sharma et al., 2019). 𝛽. predicted by the limiting sphere approach has been
numerously used to calculate charge distributions in the field of aerosol science and forms the
basis of the widely used regression for bipolar charging developed by Wiedensohler (1988). The
limiting sphere model, that calculates 𝛽. by equating the continuum and free molecular fluxes of
ions at the surface of a fictious limiting sphere around the particle, has been subjected to
extensive experimental scrutiny (Adachi et al., 1985; Gopalakrishnan et al., 2015a; Hussin et al.,
1983; B. Y. H. Liu & Pui, 1974; Porstendörfer, Hussin, Scheibel, & Becker, 1984; Reischl et al.,
1996; Reischl, Scheibel, & Porstendörfer, 1983; Stober, Schleicher, & Burtscher, 1991;
Wiedensohler & Fissan, 1988; Wiedensohler, Lutkemeier, Feldpausch, & Helsper, 1986) in
which reasonable agreement was obtained. However, a closer examination of the validation
efforts suggest that in all of these cited studies (except the work of Gopalakrishnan et al.
(2015a)), the ion properties required to calculate 𝛽. using the limiting sphere approach has been
taken from empirical correlations (Mohnen, 1974; Vohra et al., 1969) for ambient ions or have
been chosen to match the experimental data to produce agreement. In addition to experimental
validation, inter-comparison of the limiting sphere models (D'Yachkov et al., 2007; N. A. Fuchs,
1963) against in-silico computer experiments that use a Langevin equation of motion
(Chandrasekhar, 1943) to simulate dilute particle-ion collisions in the presence of a background
gas has revealed several inconsistencies in the assumptions behind limiting sphere models. R.
Gopalakrishnan and C. J. Hogan (2012) and Ranganathan Gopalakrishnan et al. (2013) showed
that the improper treatment of the ion’s velocity and impact parameter distributions at the surface
of the limiting sphere leads to the underprediction of 𝛽. in instances where the particle-ion
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potential energy is much higher than the thermal energy (for example, collision between multiply
like/unlike charged particle and an ion). They also showed that even at low pressures (where
inertial effects are dominant), sparse ion-neutral gas molecule collisions can contribute to
increase ion flux or 𝛽. by several orders of magnitude. This effect was neglected by N. A. Fuchs
(1963) and later accounted for by W. A. Hoppel and G. M. Frick (1986) by considering a single
ion-neutral collision inside the limiting sphere. Chahl and Gopalakrishnan (2019) further showed
that limiting sphere model consistently under-predicts 𝛽. for high potential, near free molecular
regime attractive Coulombic collisions, typical of highly charged particles at low pressures or
singly charged sub-20 nm particles at atmospheric or low pressure. Lastly, the usage of
Wiedensohler’s parameterization of bipolar charge distributions using average ion properties in
ambient air and limiting sphere model-derived 𝛽. values needs to be re-evaluated as well against
experiments and the predictions of competing approaches. Ion mass-mobility distributions are
often approximated using average ion properties to be used in the calculation of 𝛽. . The usage of
tandem ion mobility spectrometry and mass spectrometry has allowed the measurement of the
complete ion mass-mobility distributions (Gopalakrishnan et al., 2015a; R. Gopalakrishnan, M.
J. Meredith, et al., 2013; Maißer et al., 2015). The incorporation of mass-mobility distributions to
capture the contribution of multiple types of positive and negative ions to particle charging has
not been examined in prior work. The usage of Wiedensohler (1988) model in gases other than
air, charge estimation of sub-100 nm particles and the usage of limiting sphere approach for
unipolar charge distribution calculations needs to reevaluated in unison.
An alternate approach to the limiting sphere model is through the use of Langevin Dynamics
(LD) trajectory simulations develop models of 𝛽. that parameterize the effect of pure Coulombic
interactions (Chahl & Gopalakrishnan, 2019; R. Gopalakrishnan & C. J. Hogan, 2012), screened
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Coulombic interactions (Chahl & Gopalakrishnan, 2019), singular-contact image potential
interactions between a neutral particle and an ion (Ouyang et al., 2012b), and the effect of
particle shape on unipolar diffusion charging (Ranganathan Gopalakrishnan et al., 2013). LD has
also been used to predict the steady state bipolar charge distribution on aerosol particles (R.
Gopalakrishnan, M. J. Meredith, et al., 2013) and grains suspended in dusty plasmas (Vaulina,
Repin, & Petrov, 2006) without an explicit model for the collision kernel 𝛽. . Ranganathan
Gopalakrishnan et al. (2013) developed an expression for 𝛽. that includes the effect of the
combined repulsive Coulomb and image potential interactions between a like charged particle
and ion encountered during unipolar diffusion charging. However, an analogous model that
includes the effect of the combined attractive Coulomb and image potential interactions between
an unlike charged particle and ion encountered in bipolar diffusion charging was not developed
(R. Gopalakrishnan & C. J. Hogan, 2012; Gopalakrishnan et al., 2015a; R. Gopalakrishnan, M. J.
Meredith, et al., 2013). Recently, Chahl and Gopalakrishnan (2019), by analyzing the particleion collision time distribution from Langevin-inferred trajectories, parameterized the collision
kernel 𝛽. to describe the particle-ion attractive Coulombic interactions for a wide range of
particle-ion electrostatic potential energy to thermal energy ratios (up to 60) and particle-ion
diffusive Knudsen number (that parameterizes the ratio of the ion’s mean persistence path to the
particle size, up to 2000). These parameter ranges cover a wide range of aerosol bipolar charging
conditions for a wide space of particle size, gas pressure and ion mass-mobility combinations.
Although the contribution of image potential diminishes for highly charged particles (|𝑧& | ≫ 1),
diffusion charging of sub-micron aerosols in typical conditions lead to particle absolute charge
levels ±10𝑒 ' (R. Gopalakrishnan, M. J. Meredith, et al., 2013; Wiedensohler, 1988) and
warrants an accurate accounting of the image potential interactions for aerosol charging (Brock,
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1970a; Filippov, 1993). Building on the methods of Chahl and Gopalakrishnan (2019), the first
objective of this article is to extend their particle-ion collision kernel model to include the
combined attractive Coulomb and image potential interactions between an unlike charged
particle and ion (that is encountered in bipolar diffusion charging). The 𝛽. expression described
in this article, when combined with the 𝛽. model that captures the combined repulsive Coulomb
and image potential interactions described in Ranganathan Gopalakrishnan et al. (2013),
provides a complete set of particle-ion collision kernel 𝛽. expressions for both attractive and
repulsive Coulombic interactions, while also accounting for attractive image potential
interactions. The second objective of this article is to compare the charge distribution predictions
of the bipolar 𝛽. model described here and unipolar 𝛽. model described in Ranganathan
Gopalakrishnan et al. (2013) against published experimentally observed charge distributions in
unipolar diffusion charging (Adachi et al., 1985; Adachi, Okuyama, Kousaka, et al., 1987) and
bipolar diffusion charging (Adachi et al., 1985; Gopalakrishnan et al., 2015a). Comparisons are
also carried with Fuchs’ model (1963) and Wiedensohler’s (1988) regression to ascertain which
of the approaches produces better agreement with experiments and offers a robust approach to
charge distribution calculation.
Table 2.1-A Summary of unipolar charging published experiments
Reference
B. Y. H. Liu, Whitby, and
Yu (1967)

Experimental parameters
•
•
•

1.35 µm and 0.65 µm di-octyl phthalate particles
1
1
𝑁. 𝑡̅~100 23# − 3 × 104 23#
Gas pressure 0.0311 – 0.96 atm

B. Y. H. Liu and Pui (1977)

•
•

0.1 – 5.04 µm oleic acid particles
1
1
𝑁. 𝑡̅~2.56 × 105 23# − 5.1 × 104 23#

Kirsch and Zagnit'Ko (1981)

•

0.043 – 0.73 µm particles
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•

1

1

𝑁. 𝑡̅~100 23# − 3 × 104 23#

Table 2.2-A Summary of unipolar charging published experiments (Continued)
Davison, Hwang, Wang, and
Gentry (1985) and S. Y.
Hwang, Gentry, and Davison
(1986)

•
•

18 nm, 24 nm, 32 nm, 42 nm silver aerosol particles
1
𝑁. 𝑡̅~104 23#

Pui et al. (1988)

•
•

0.004 – 0.075 µm NaCl and silver particles
1
1
𝑁. 𝑡̅~3 × 105 23# − 1 × 104 23#

F. J. Romay, D. Y. H. Pui, and
M. Adachi (1991)

•
•

10 – 50 nm NaCl particles
0.2 – 0.5 atm gas pressure

Adachi et al. (1985) and
Adachi, Okuyama, Kousaka,
et al. (1987) (used for model
evaluation in this study)

•

4 – 100 nm of zinc chloride and di-2-ethyl hexyl
sebacate particles, DEHS
Background gases (air, helium, argon, nitrogen)

•

Table 2.2-B: Summary of bipolar charging published experiments
Reference

Experimental parameters

Hussin et al. (1983),
Porstendorfer, Hussin,
Scheibel, and Becker (1984)

•
•

4 – 30 𝑛𝑚 di-2-ethylhexyl-sebacate (DEHS) particles
Bipolar ions generated by the ionization of gas-phase
species by 𝛼-particles originating from Am-241.

Adachi et al. (1985) (used
for model evaluation in this
study)

•
•

45 – 80 𝑛𝑚 zinc chloride and DEHS particles
Bipolar ions generated by the ionization of gas-phase
species by 𝛼-particles originating from Am-241.

Wiedensohler and Fissan
(1988)

•

5 – 100 𝑛𝑚 sodium chloride and silver particles in
high purity argon and nitrogen

Stober et al. (1991)

•
•

28 – 55 𝑛𝑚 silver, carbon and NaCl particles in argon
and neon
𝐴𝑟 * and free electrons involved in charging

•

2.3 – 10 𝑛𝑚 𝑊𝑂6 particles in air

Reischl et al. (1996)
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•

fixed positive ion mass and mobility (𝑚* =
200 𝑎𝑚𝑢; 𝑍* = 1.33

23$
7.1

) and negative ion mass and

mobility (𝑚' = 100 𝑎𝑚𝑢; 𝑍' = 1.84

23$
7.1

).

Table 2.2-B: Summary of bipolar charging published experiments (Continued)
Gopalakrishnan et al. (2015a)

(used for model evaluation
in this study)

•
•
•

51.5 𝑛𝑚 and 73.2 𝑛𝑚 gold particles
Ions generated by ionization using a Po-210 source
Ion mass-mobility distribution measured along with
aerosol charge fractions

Table 2.1-A and -B summarize prior experimental diffusion charging studies. To test the
collision kernel 𝛽. developed by Ranganathan Gopalakrishnan et al. (2013), we elect to reanalyze the unipolar charge distribution data reported by Adachi et al. (1985) and Adachi,
Okuyama, Kousaka, et al. (1987), that consists of an exhaustive dataset of unipolar diffusion
charging by varying the particle size and background gas, along with the ion properties used. To
test the collision kernel 𝛽. developed in this article, we elect to re-analyze the bipolar charge
distribution data reported by Adachi et al. (1985) and Gopalakrishnan et al. (2015a). Using
tandem ion mobility spectrometry-mass spectrometry, Gopalakrishnan et al. (2015a)
simultaneously measured the ion mass and mobility distributions of the charging ions generated
by the bipolar charger used in that study. Detailed mobility-mass distributions were published
along with the charge fractions of nominally 50 nm and 70 nm spherical gold particles as well as
cylindrical gold particle of length to diameter ratio ~ 2 to 15. We carry out calculations of
reported measured quantities using the values of ion mass and mobility, particle size and gas
temperature and pressure from the same studies. Adachi et al. (1985) used two sets of ion
properties (from Mohnen (1974) and Vohra et al. (1969)) to calculate theoretical expectations.
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We follow the same approach and calculate two sets of predictions corresponding to Mohnen
(1974) and Vohra et al. (1969) as well. Gopalakrishnan et al. (2015a) reported detailed tables of
the mass and mobility of the ions found in their charger housing. We use the entire distribution to
calculate the charging of particle by multiple singly charged positive and negative ions. For
unipolar charging, N. A. Fuchs (1963) is used to compute 𝛽. necessary for charge distribution
determination and for bipolar charging, the regression Wiedensohler (1988) will be used to
calculate charge distribution directly for evaluation against experimental data.
The remainder of this article is organized as follows: The Methods section presents a theoretical
analysis of ion transport onto an aerosol particle and specifically discusses the dependence of the
same on particle, ion and background gas properties. The collision kernel 𝛽. model developed by
Ranganathan Gopalakrishnan et al. (2013) is briefly described. Subsequently, the 𝛽. model
development for combined attractive Coulomb and image potential based on the methods of
Chahl and Gopalakrishnan (2019) is described. Subsequently, the calculation of expected aerosol
particle unipolar and bipolar charge fractions for each of the experimental datasets is described
along with the equations of Fuchs’ model (1963) and Wiedensohler’s (1988) regression. The
comparison between experiments and predictions (of LD-based 𝛽. model and other models) are
discussed in the Results and Discussion, followed by the Conclusions from this study. The
Supplemental Information (SI) published along with this article presents regression equations of
the developed model, additional figures and tables to support the discussion in the main text.
2.2 Methods
Theoretical analysis: The collision between a spherical aerosol particle and an ion may be
abstracted as the collision between a spherical collector of radius 𝑎& and a point mass (of mass
𝑚. and zero radius). Thus, the presented analysis may be used to describe the charging of
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particles with size > 2 nm interacting with molecular ions in the gas-phase. The particles and
ions are suspended in a background gas at a common temperature of 𝑇9 . The particle
concentration 𝑛& and the ion concentrations 𝑛.± are assumed to be dilute such that the average
'(/-

inter-particle spacing (𝑛&

'(/-

) and average inter-ion spacing (𝑛.± ) are much greater than the
'(/-

particle-ion interaction length scale (i. e.) the particle radius (𝑛&

'(/-

, 𝑛.±

≫ 𝑎& ). This allows us

the calculation of the particle-ion collision kernel 𝛽. from binary interactions of the particle and
ion in the presence of background gas molecules. Both the particle and ion interact with the
background gas molecules via collisions that manifest as diffusion and stochastic Brownian
motion of these suspended entities (Chandrasekhar, 1943). The electrostatic potential energy
𝜑 ∗ (𝑟 ∗ ) between the particle and ion comprise of Coulombic potential and the polarizationinduced image potential as a function of the separation 𝑟 ∗ (Jackson, 1975):

𝜑

∗ (𝑟 ∗ )

𝑧& 𝑧. 𝑒 , 𝜀= − 1 𝑧., 𝑒 ,
𝑎&=
−
… (1𝑎)
4𝜋𝜀< 𝑟 ∗ 𝜀= + 1 4𝜋𝜀< 2𝑟 ∗ , i𝑟 ∗ , − 𝑎&, j

Eq. 1a assumes that the particle is perfectly conducting in the calculation of the image potential.
The thermal energy of the ion (quantified by 𝑘> 𝑇9 ) and the electrostatic potential energy 𝜑(𝑟 ∗ )
together influence the ion flux collected by the spherical particle. The interaction energy (eq. 1a)
is scaled in units of the thermal energy 𝑘> 𝑇9 , distance in terms of the particle radius 𝑎& and may
be compactly expressed as:

𝜑(𝑟) =

𝜑 ∗ (𝑟 ∗ )
𝛹$
𝛹%
=−
− , ,
… (1𝑏)
𝑘> 𝑇9
𝑟
2𝑟 (𝑟 − 1)

𝛹$ and 𝛹% are the electrostatic potential energy to thermal energy ratios associated with the
Coulomb and image potential interactions, respectively, defined as:
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𝑧& 𝑧. 𝑒 ,
𝛹$ = −
… (2𝑎)
4𝜋𝜀< 𝑘> 𝑇9 𝑎&
𝜀= − 1
𝑧., 𝑒 ,
𝛹% =
… (2𝑏)
𝜀= + 1 4𝜋𝜀< 𝑘> 𝑇9 𝑎&
By definition, 𝛹$ > 0 represents unlike charged particle-ion interaction (attraction) and 𝛹$ < 0
denotes like charged particle-ion interaction (repulsion). 𝛹$ = 0 is the interaction between a
neutral particle and ion. The image potential interaction is always attractive (Jackson, 1975) and
𝛹% > 0. We consider only ions that are singly charged 𝑧. = ±1, 𝛹% ≤ |𝛹$ | and conducting
particles (𝜀= = ∞) but our analysis may be readily extended to non-conducting particles as well
(finite 𝜀= ).
In the continuum regime of ion transport, which is valid in the limit of the mean
persistence path (Dawes & Sceats, 1988; Gopalakrishnan & Hogan, 2011a; Sceats, 1986; T.
Thajudeen et al., 2012) of the ion being much smaller than the particle radius, collision kernel 𝛽.
is well described by the equations of continuum mass transfer (Friedlander, 2000; N. A. Fuchs,
1963):
𝛽. = 4𝜋

𝑘> 𝑇9
𝑎 𝜂 (𝛹 , 𝛹 ) … (3𝑎)
𝑓. & 2 $ %
?

1
𝜂2 (𝛹$ , 𝛹% ) = pq , expi𝜑(𝑟)j𝑑𝑟t
𝑟

'(

… (3𝑏)

(

𝑓. is the ion friction factor related to the infinite-dilution diffusion coefficient 𝐷. via the StokesEinstein relation as 𝑓. =

@% A&
#'

or obtained from the low-field ion mobility 𝜇. as 𝑓. =

B' C
D'

(Friedlander, 2000). 𝜂2 (𝛹$ , 𝛹% ) is the continuum enhancement factor that accounts for the
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contribution of potential interactions (eq. 1b) to 𝛽. in addition to diffusional transport. In the
opposite regime of vacuum or ballistic transport of ions, wherein the ion mean persistence path is
much longer compared to the particle size, gas kinetic theory has been employed to deduce 𝛽. in
terms of the ion’s mean thermal speed v

E@% A& (/,
F3'

w

and particle-ion mass transfer cross-section

(Allen, 1992; Mott-Smith & Langmuir, 1926; Vincenti & Kruger, 1975):
(/,

8𝑘> 𝑇9
𝛽. = x
y
𝜋𝑚.

𝜋𝑎&, 𝜂G (𝛹$ , 𝛹% ) … (4)

Analogous to the continuum enhancement factor 𝜂2 (𝛹$ , 𝛹% ), 𝜂G (𝛹$ , 𝛹% ) is the enhancement in
the particle-ion hard-sphere collision cross-section 𝜋𝑎&, . 𝜂G (𝛹$ , 𝛹% ) for combined attractive or
repulsive Coulomb-image interactions is calculated using the methods described in detail
elsewhere (Ranganathan Gopalakrishnan et al., 2013; Ouyang et al., 2012b). Eq. 3 and 4
represent the continuum and free molecular limits of 𝛽. . Scaling eq. 3 and 4 with particle radius
H( I)
I*

as a reference length scale and the ion relaxation time

3'
G'

as a reference timescale, yields a

non-dimensional form (R. Gopalakrishnan & C. J. Hogan, 2012) of the collision kernel 𝛽. as:
𝐻=

𝛽. 𝑚. 𝜂2
… (5𝑎)
𝑓. 𝑎&- 𝜂G,

The scaling of the ion thermal energy 𝑘> 𝑇9 yields a diffusive Knudsen number, a ratio of the
ion’s ballistic transport timescale

H( I)
I*

3'

z@% A&

and the diffusional transport timescale v

(R. Gopalakrishnan & C. J. Hogan, 2012):

𝐾𝑛# =

{𝑚. 𝑘> 𝑇9 𝜂2
… (5𝑏)
𝑓. 𝑎& 𝜂G
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H( I) ,
I*

w

G'
@% A&

The quantity

J3' @% A&
G'

is identified as the ion mean persistence path mentioned before. Eq. 3 and 4

expressed in non-dimensional terms represent the continuum (𝐾𝑛# → 0) and freemolecular
(𝐾𝑛# → ∞) limits, respectively:
𝐾𝑛# → 0: 𝐻 = 4𝜋𝐾𝑛#, … (6𝑎)
𝐾𝑛# → ∞: 𝐻 = √8𝜋𝐾𝑛# … (6𝑏)
In the next two sub-sections, we provide expressions for 𝐻 or non-dimensional 𝛽. in terms of
𝐾𝑛# , 𝛹$ , 𝛹% in the mass transfer transition regime – 𝐾𝑛# neither too low nor too high to be
described by eq. 6a and 6b (T. Thajudeen et al., 2012). In practical terms, specification of the
particle and ion properties along with gas pressure and temperature allows the determination of
𝐾𝑛# , 𝛹$ , 𝛹% using eq. 2a, 2b and 5b, respectively. The presented models for 𝛽. cast in terms of
𝐻, allows 𝛽. calculation via eq. 5a.
𝛽. model for combined repulsive Coulomb and image potential driven particle-ion collisions: In
prior work, Gopalakrishnan and Hogan (2011a) investigated the hard sphere (𝛹$ = 𝛹% = 0)
collisions between a spherical particle and a point mass to derive an expression for 𝐻 that
converges to the limits defined by eq. 6a and 6b, respectively, as 𝐾𝑛# → 0 and 𝐾𝑛# → ∞:
4𝜋𝐾𝑛#, + 25.836𝐾𝑛#- + √8𝜋𝐾𝑛# (11.211𝐾𝑛#- )
𝐻(𝐾𝑛# , 𝛹$ = 𝛹% = 0) = 𝐻KL (𝐾𝑛# ) =
… (7)
1 + 3.502𝐾𝑛# + 7.211𝐾𝑛#, + 11.211𝐾𝑛#R. Gopalakrishnan and C. J. Hogan (2012) showed that eq. 7 is accurate for all strengths of the
repulsive Coulomb potential (𝛹$ < 0, 𝛹% = 0). Ouyang et al. (2012b) showed that eq. 7 also
describes the image potential interaction between a neutral particle and an ion when the
enhancement factors 𝜂2 (𝛹$ = 0, 𝛹% ), 𝜂G (𝛹$ = 0, 𝛹% ) are calculated appropriately. Finally,
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considering repulsive Coulomb and image potential simultaneously, Ranganathan
Gopalakrishnan et al. (2013) showed that eq. 7 is also valid for particle-ion collisions for
spherical particles and non-spherical particles (the details of which are not the focus of this
article). Thus, for unipolar (like charged particle and ion collision of either polarity) and neutral
particle-ion interactions, eq. 7 may be used to calculate 𝐻 or 𝛽. .
𝛽. model for combined attractive Coulomb and image potential driven particle-ion collisions: R.
Gopalakrishnan and C. J. Hogan (2012) showed that for attractive Coulomb (𝛹$ > 0, 𝛹% = 0)
-

interactions, eq. 7 does not accurately describe 𝐻 or non-dimensional 𝛽. , especially for 𝛹$ ≫ ,
and near-free molecular ion transport regime (𝐾𝑛# ≫ 1). Motivated by this knowledge gap in
the modeling of 𝛽. , Chahl and Gopalakrishnan (2019) recently developed an analysis approach to
parameterize attractive Coulomb interactions. Specifically, they analyzed the particle-ion
collision time distributions inferred from LD trajectory simulations to parameterize 𝐻. We skip
the details of their LD simulation technique to obtain a model for 𝐻 valid for 0 < 𝛹$ ≤ 60 and
𝐾𝑛# ≤ 2000, without considering image potential (i. e.) 𝛹% = 0 (Chahl & Gopalakrishnan,
2019). 𝐻M# was shown to be accurately described by an equation of the form:
𝐻(𝐾𝑛# , 𝛹$ , 𝛹% ) = 𝑒 N 𝐻KL (𝐾𝑛# ) … (8𝑎)
Here, µ is a location parameter that describes the underlying distribution of 𝐻(𝐾𝑛# , 𝛹$ , 𝛹% ) and
𝐻KL (𝐾𝑛# ) is given by eq. 7. Firstly, in lieu of a simple Coulomb potential used by them, we
employ the combined Coulomb and image potential 𝜑(𝑟) described by eq. 1b and carry out LD
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simulations for different combinations of 𝐾𝑛# , 𝛹$ , 𝛹% . shows the variation of the parameter 𝜇
with 𝐾𝑛# , 𝛹$ , 𝛹% .

/

Figure 2.1 :Plots of the location parameter 𝜇(𝐾𝑛# , 𝛹$ , 𝛹% )for 𝛹$ = 3 − 60 and 0 ≤ / ! ≤ 1
"

Following Chahl and Gopalakrishnan (2019), we summarize the values of µ(𝐾𝑛# , 𝛹$ , 𝛹% )
/

including 𝛹% , for 0 < 𝛹$ ≤ 60, 0 ≤ / ! ≤ 1 and 𝐾𝑛# ≤ 2000:
"

(

(

𝐶
log 𝐾𝑛# − 𝐵 '@'(
log 𝐾𝑛# − 𝐵 '@
)
𝜇(𝐾𝑛# , 𝛹$ , 𝛹% = ~1 + 𝑘
‚
exp ƒ− ~1 + 𝑘
‚ „ , 𝑘 ≠ 0 … (8𝑏)
𝐴
𝐴
𝐴
Regression fits to calculate 𝐴, 𝐵, 𝐶, 𝑘 as a function of 𝛹$ , 𝛹% are described in Table A.1.
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Figure 2.2: Plots of the non-dimensional collision kernel 𝐻(𝐾𝑛# , 𝛹$ , 𝛹% ) for 𝛹$ = 7 (panel A), 𝛹$ =
30 (panel B) and 𝛹$ = 60 (panel C). The % difference defined as v1 −

K+,..
K/0

w % for each 𝛹$ is plotted in

panels D, E, F. Similar results corresponding to 𝛹$ = 3, 5, 10, 20, 40, 50 are presented in Figure A.2.

/

Figure 2.2 presents 𝐻(𝐾𝑛# , 𝛹$ , 𝛹% ) for 𝛹$ = 7, 30, 60 in panels A, B, C. For each 𝛹$ , / ! =
"

0, 0.5, 1 illustrates the effect of the image potential. Also shown are the continuum and free
molecular limits of 𝐻 and that the simulation results agree well with these limits as 𝐾𝑛# → 0
(eq. 6a) and 𝐾𝑛# → ∞ (eq. 6b), respectively. In the transition regime of 𝐾𝑛# , eq. 8 is used to
summarize 𝐻M# . The difference between the predictions of eq. 8 𝐻CO.E and 𝐻M# , defined as
v1 −

K+,..
K/0

w %, is presented in panels D, E, F. Reference lines that denote difference level of

±10% and ±20% are also shown. It is seen that the LD-based model (eq. 8a and eq. 8b,
collectively referred to as eq. 8 hereon) describes 𝐻 to within ±10% in most cases. Figure
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A.1and Figure A.2 of Appendix present additional results for 𝛹$ = 3, 5, 10, 20, 40, 50. Similar
/

comparisons for 0 < 𝛹$ ≤ 60, 0 ≤ / ! ≤ 1 and 𝐾𝑛# ≤ 2000 plotting the difference defined as
"

Figure 2.3: Plots of the % difference defined as v1 −

v1 −

K+,..
K/0

K+,..
K/0

/

w % for 𝛹$ = 3 − 60 and 0 ≤ / ! ≤ 1
"

w % is presented in Figure 2.3.

Overall, this comparison reveals that eq.8 describes 𝐻M# nominally within ±10% for instances of
particle-ion collisions where both Coulombic and image forces are significant. In instances of
interaction between an uncharged particle and an ion (𝛹$ = 0, 0 < 𝛹% ≤ 60), the effect of the
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image potential on 𝜇(𝐾𝑛# , 𝛹$ = 0, 𝛹% ) and 𝐻(𝐾𝑛# , 𝛹$ = 0, 𝛹% ) is shown in Figure 2.4. Panels
A, D, G of Figure 2.4 show that 𝜇(𝐾𝑛# , 𝛹$ = 0, 𝛹% ) ≅ 0 across the entire 𝐾𝑛# range
investigated. As shown in panels B, E, H, the hard-sphere curve (eq. 7 or eq. 8 with 𝜇 = 0)

Figure 2.4: Plots of µ(𝐾𝑛# , 𝛹$ = 0, 𝛹% ), 𝐻(𝐾𝑛# , 𝛹$ = 0, 𝛹% ) and % difference for 𝛹% = 12 (panels A, B,
C), 𝛹% = 36 (panel D, E, F) and 𝛹% = 60 (panel G, H, I). The % difference defined as v1 −

K+,..
K/0

each 𝛹% is plotted in panels C, F, I.
accurately describes 𝐻M# to within ±5% (panels C, F, I). In total, eq. 7 and eq. 8 may be used to
calculate 𝛽. ’s required to calculate the complete bipolar charge distribution (with like charged
and unlike charged particle-ion collisions).
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w % for

Calculation of unipolar and bipolar charge distributions for comparison: To compare predicted
and measured charge distributions, we use analytical expressions for calculating unipolar
(Adachi et al., 1985; Boisdron & Brock, 1970) and bipolar charge distributions (Adachi et al.,
1985; Hussin et al., 1983) obtained by solving population balance equations for charge
conservation. For unipolar charging, the fraction 𝑓& of particles carrying 𝑝 charges when exposed
to ions of ± polarity is a function of the particle-ion collision kernels 𝛽&,± ’s and the particle-ion
exposure parameter 𝑁. 𝑡̅:
@PQ

Q

expi−𝛽R,± 𝑁. 𝑡j̅
⎧
ƒ
Œ
𝛽
„
•
,𝑝 < 0
@,±
⎪
∏SPQ
(𝛽S,± − 𝛽R,± )
SP&
⎪ @P&*(
RP&
STR
⎪
expi−𝛽Q,± 𝑁. 𝑡̅j , 𝑝 = 0
𝑓& =
… (9)
⎨ @P&'(
&
⎪
expi−𝛽R,± 𝑁. 𝑡̅j
⎪ƒ Œ 𝛽@,± „ • SP&
,𝑝 > 0
⎪
∏ (𝛽 − 𝛽R,± )
@PQ
RPQ SPQ S,±
⎩
STR
The fraction of charged particles (1 − 𝑓Q ) is reported as a function of background gas, particle
diameter 𝑑& and 𝑁. 𝑡̅ product in the unipolar diffusion charging studies selected for comparison
(Adachi et al., 1985; Adachi, Okuyama, Kousaka, et al., 1987). The ion mass and mobility used
by the original authors to interpret their data and for model calculations here are listed in Table
A.2 for various background gases considered.
To evaluate bipolar charge distributions, the solution to steady state charge conversation for a
population of mono-sized particles exposed to multiple positive and negative ions yield the
following equations (Adachi et al., 1985; Boisdron & Brock, 1970):
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∑U$V
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∑.P( 𝛽R,.* 𝜃.*
∑@P( 𝛽R,@' 𝜃@'
Here, 𝛽&,.± is the collision kernel between particles carrying 𝑝 charges and the 𝑖 YZ type of ± ion.
In prior work, it has been common to assume that the positive and negative ion populations may
be approximated as single ion of each type whose mass and mobility are used to evaluate
collision kernel for charge transfer reactions 𝑝 → 𝑝 + 1 and 𝑝 → 𝑝 − 1. A nuanced treatment of
the possibility of multiple kinds of positive/negative ions is provided by the use of eq. 10 that
accounts for 𝑃𝑂𝑆 and 𝑁𝐸𝐺 number distinct types. Adachi et al. (1985), for example, assumed
that a single kind of positive and negative ion each (of mass-mobility listed in Table A.2-A), to
calculate charge fractions using Fuchs’ model: 𝑃𝑂𝑆 = 𝑁𝐸𝐺 = 1 and 𝜃* = 𝜃' = 0.5 for
&\Q
comparing with Adachi et al. (1985)’s reports of (1 − 𝑓Q ), ∑&P?
&[Q 𝑓& , ∑&P'? 𝑓& for 4 – 40 nm
G

G

G

G

particles. Gopalakrishnan et al. (2015a) report 𝑓Q , G(123 , G(143 , G(123 , G(12$ for 50 and 70 nm gold
(12$

(14$

(143

(14$

particles. The entire ion mass and mobility distribution for multiple charging ions and their
relative abundances reported by these authors (repeated in Table A.2) are used for charge
distribution calculation by accounting for multiple types of singly charged positive and negative
ions. ∑WXL
.P( 𝛽R,.* 𝜃.* represents the concentration-weighted contribution of each type of positive
ion to the total charging rate (i. e.) 𝑅&→&*( = 𝑛& 𝑛 A* ∑WXL
.P( 𝛽R,.* 𝜃.* . Likewise, 𝑅&→&'( =
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𝑛& 𝑛 A' ∑U$V
@P( 𝛽R,@' 𝜃@' capturing the decrease in particle charge due to collisions between
particles and all of the 𝑁𝐸𝐺 types of negative ions. In this work, the total concentration of
positive and negative charge carriers is assumed to be equal: 𝑛 A* = 𝑛 A' . Usage of eq. 10 with an
appropriate model for 𝛽. will allow the inclusion of the entire distribution to improve accuracy of
predictions. In practice, the approximation of ion mass-mobility distributions as single positive
and negative ion for simplicity, must be cautiously approached. It can be readily seen from eq.
10 that the rate of the charging reaction 𝑝 → 𝑝 + 1, calculated as ∑WXL
.P( 𝛽R,.* 𝜃.* and 〈𝛽R,* 〉 are not
equal in general: ∑WXL
.P( 𝛽R,.* 𝜃.* ≠ 〈𝛽R,* 〉. The former accounts for the relative abundances of
different kinds of positive ions and the corresponding 𝛽R,.* ’s. The latter 〈𝛽R,* 〉, is the single value
of the collision kernel calculated using average ion properties (mass-mobility). Ion populations
have both short-lived (highly mobile) and long-lived (low mobility) ions that may contribute to
charging in ambient or bipolar chargers. Using average properties can potentially overestimate
the influence of highly mobile species and underestimate low mobility species. Although in the
past, eq. 10 has been used with average ion properties, we recommend the incorporation of ion
mass-mobility distributions into charging calculations. Maißer et al. (2015), as a follow up to R.
Gopalakrishnan, M. J. Meredith, et al. (2013) and Gopalakrishnan et al. (2015a), identified the
chemical composition of positive and negative populations found in UHP air. Such an
experimentally measured distribution can be easily incorporated into eq. 10. The metrics derived
from the complete predicted unipolar charge distribution (𝑓& with 0 ≤ 𝑝 ≤ 20 or −20 ≤ 𝑝 ≤ 0)
or bipolar charge distribution (𝑓& with −20 ≤ 𝑝 ≤ 20) are used for evaluation of LD-based 𝛽.
models given by eq. 7 and 8.
Comparison with select existing models of diffusion charging: It is instructive to evaluate the
currently used models in the field of aerosol science used to calculate charge distributions.
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Following Adachi et al. (1985), we repeat their comparison of the experimental unipolar charge
fractions to the predictions of Fuchs’ limiting sphere model (1963), cast in terms of
𝐻(𝐾𝑛# , 𝛹$ , 𝛹% ):
𝐻=

4𝜋𝐾𝑛#,
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Here, 𝑏3._ is the minimum value for the function: 𝑏(𝑟) = 𝑟 ~1 + - i𝜑(𝛿) − 𝜑(𝑟)j‚ in the
region 𝑟 = 1 to 𝑟 = 𝛿 and 𝜑(𝑟) is given by eq. 1b. Eq. 11 is used in eq. 9 to calculate expected
unipolar charge fractions for each data set in addition to LD-based eq. 7. Predictions of each
model are labeled in figures as “LD-based 𝛽. ” and “Fuchs-derived 𝛽. ” using Mohnen/Vohra ion
properties as discussed shortly.
To calculate bipolar charge distributions, we elect to present comparisons of the experimental
data with the widely used regression expression put forward by Wiedensohler (1988):
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1 𝑛𝑚 ≤ 𝑑& ≤ 20 𝑛𝑚: 𝑓& = ž10

`∑6'15 H' (&)∙eS<935 fg( (_3)hi j

0, 𝑝 = −2, 2

, 𝑝 = −1, 0, 1 … (12𝑎)
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20 𝑛𝑚 < 𝑑& ≤ 1000 𝑛𝑚: 𝑓& = 10

, 𝑝 = −2, −1, 0, 1, 2 … (12𝑏)

The parameterization of charge fraction (eq. 12) was derived based on 𝛽. ’s calculated using W.
A. Hoppel and G. M. Frick (1986)’s variant of the limiting sphere model. Eq. 12 will be used to
directly calculate bipolar charge fractions as a function of particle size 𝑑& without calculating 𝛽. .
The coefficients 𝑎. (𝑝) are tabulated in Appendix-A.
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2.3 Results and Discussion

Figure 2.5: A) Plot of the experimentally measured unipolar fraction of positively charged particles
(1 − 𝑓Q ) reported by Adachi et al. (1985) shown as data points of various colors and corresponding
theoretical predictions using LD-based 𝛽. (eq. 7) in eq. 9 for two sets of ion properties (Mohnen and
Vohra) shown as dashed lines. B) The % difference defined as ~1 −
defined as ~1 −

(('G5 )",.7,;<=
(('G5 )+:(

(('G5 )+,.7,9
(('G5 )+:(

‚ band C) % difference

‚ is plotted. D) Plot of the experimentally measured (1 − 𝑓Q ) and

corresponding theoretical predictions using Fuchs-based 𝛽. (eq. 11) in eq. 9 for two sets of ion
properties (Mohnen and Vohra) shown as dashed lines. E) The % difference defined as
~1 −

(('G5 )+,.33,9
(('G5 )+:(

‚ band F) % difference defined as ~1 −

(('G5 )",.33,;
(('G5 )+:(

‚ is plotted. Reference lines are

shown at ±10% and ±20% and the common legend for all the panels is provided. The ion properties
used in this plot is listed in Table A.2-A.
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Unipolar diffusion charging comparisons: Adachi et al. (1985) present data of the unipolar
charging of zinc chloride and dioctyl sebacate (DOS) particles by unipolar positive and negative
ions. Error! Reference source not found. shows the experimental measurements of (1 − 𝑓Q ) by
Adachi et al. (1985), particle charging by positive ions, shown as discrete data points of various
1

1

colors in Figure 2.5-A and 5-D. The 𝑁. 𝑡̅ parameter varies from 6.2 × 10(( 3# − 7.2 × 10(, 3# in
these measurements. The theoretical expectations calculated using eq. 9 with 𝛽. ’s derived from
eq. 7 are shown as dashed lines in Figure 2.5-A, and using Fuchs’s limiting sphere model (eq.
11) in Figure 2.5-D, for two sets of ion properties derived from Mohnen (1974) and Vohra et al.
(1969). The % difference between (1 − 𝑓Q )C6& and (1 − 𝑓Q )CO.4,7 is presented in Figure 2.5-B
and the % difference between (1 − 𝑓Q )C6& and (1 − 𝑓Q )CO.4,k is presented in Figure 2.5-C. The %
difference in each case (using eq. 7) is calculated as ~1 −

(('G5 )+,.7,9
(('G5 )+:(

‚ % and ~1 −

(('G5 )+,.7,;
(('G5 )+:(

‚ %,

respectively. Correspondingly, the % difference between the predictions using Fuchs theory (eq.
11), (1 − 𝑓Q )CO.((,7 and (1 − 𝑓Q )CO.((,k , and experimental data are plotted in Figure 2.5-E and F.
From the comparison, it can be observed that the predictions using both Vohra’s and Mohnen’s
ion properties are within ±10% for most of the datapoints for both models considered here. The
models overpredict the experiments to a small extent in these predictions but nominally, the
difference is no larger than 10% in either direction, validating the charging model of eq. 7
(Ranganathan Gopalakrishnan et al., 2013) that we test here. Fuchs’ limiting sphere model that
was originally used by Adachi et al. (1985) to interpret their measurements, and the LD-based
model (eq. 7) advanced here make similar predictions for ions in air. This trend is seen in the
case of unipolar charging of particles by negative ions as well, shown in Figure 2.6, for
1

1

𝑁. 𝑡̅~5.9 × 10(( 3# − 6.8 × 10(, 3# . Theoretical predictions emulate the data quite well as seen
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from Figure 2.6-A. Figure 2.6-B and Figure 2.6-C show the corresponding % differences
between LD-based model predictions and experiments defined for Figure 2.5 previously.
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Figure 2.6: A) Plot of the experimentally measured unipolar fraction of negatively charged particles
(1 − 𝑓Q ) reported by Adachi et al. (1985) shown as data points of various colors and corresponding
theoretical predictions using LD-based 𝛽. (eq. 7) in eq. 9 for two sets of ion properties (Mohnen and
Vohra) shown as dashed lines. B) The % difference defined as ~1 −
defined as ~1 −

(('G5 )",.7,;
(('G5 )+:(

(('G5 )+,.7,9
(('G5 )+:(

‚ band C) % difference

‚ is plotted. D) Plot of the experimentally measured (1 − 𝑓Q ) and

corresponding theoretical predictions using Fuchs-based 𝛽. (eq. 11) in eq. 9 for two sets of ion
properties (Mohnen and Vohra) shown as dashed lines. E) The % difference defined as
~1 −

(('G5 )+,.33,9
(('G5 )+:(

‚ band F) % difference defined as ~1 −

(('G5 )",.33,;
(('G5 )+:(

‚ is plotted. Reference lines are

shown at ±10% and ±20% and the common legend for all the panels is provided. The ion properties
used in this plot is listed in Table A.2-A.
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Like in the case of positive ions, the % difference here is seen to be within ±10% with a few
data points outside for both LD-based model (eq. 7) and Fuchs (eq. 11). Overall, the charging
model eq. 7 of Ranganathan Gopalakrishnan et al. (2013) reliably predicts the experimentallyobserved charged particle fraction in the unipolar charging measurements of Adachi et al.
(1985). Figure 2.6-D, E, F also show a similar trend and that shows that LD-model and Fuchs
model yield practically identical predictions of unipolar charge fractions in air for sub-100 nm
particles. Further comparison with the charging of particles by ions derived by the direct
ionization of inert gas molecules (𝐻𝑒 * , 𝑁,* , 𝐴𝑟 * ) is shown in Figure 2.7. Figure 2.7-A shows
(1 − 𝑓Q ) measured in 𝐻𝑒 by Adachi, Okuyama, Kousaka, et al. (1987) shown as datapoints along
with theoretical expectations for (1 − 𝑓Q )CO.4 shown as dashed lines for two values of the 𝑁. 𝑡̅
parameter. Even though two materials were examined in the study (zinc chloride and DEHS), our
data analysis assumed conducting particle and thereby produced a single prediction for
(1 − 𝑓Q )CO.4 for both these materials. Figure 2.7-B and Figure 2.7-C present data and theoretical
curves using eq. 7 in eq. 9 for 𝑁, (green filled triangles/circles/squares and dashed lines) and 𝐴𝑟
(blue filled triangles/circles/squares/diamonds and dashed lines), respectively, with the %
difference between (1 − 𝑓Q )C6& and (1 − 𝑓Q )CO.4 is shown in Figure 2.7-D with reference lines at
±10%, ±20% for all the experimental values plotted in Figure 2.7-A, B, C. Likewise, Figure
2.7-E (𝐻𝑒), F (𝑁, ) and G (𝐴𝑟) plot the predictions of Fuchs model (eq. 11) along with
experimental data. The corresponding % difference between (1 − 𝑓Q )C6& and (1 − 𝑓Q )CO.(( is
shown in Figure 2.7-H for all three gases considered. As it is clearly evident, most of the
datapoints fall within ±20% of the experimental data with a few outliers without any obvious
explanation.
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Figure 2.7: Plot of the experimentally measured unipolar fraction of positively charged particles 1 − 𝑓Q
reported by Adachi et al. (1987) for various gases shown as data points of red color for 𝐻𝑒 (panels A, E),
green color for 𝑁, (panels B, F) and blue color for 𝐴𝑟 (panels C, G). Corresponding theoretical predictions
using LD-based 𝛽. (eq. 7 in eq. 9) with the ion properties listed in Table A.2 are shown as dashed lines of
the same color in panels A, B, C. Theoretical predictions using Fuchs-derived 𝛽. (eq. 7 in eq. 9) are shown
(('G )

as dashed lines in panels E, F, G. The % difference defined as ~1 − (('G5 )+,.7 ‚ is plotted along with
5 +:(

reference lines at ±10% and ±20% in panel D for LD-based 𝛽. and panel H for Fuchs-derived 𝛽. .

39

While ions in air (Figure 2.5 and Figure 2.6), nitrogen and argon show relatively low systematic
bias in the % difference, measurements in helium disagree one-sidedly with theoretical
predictions. It is seen that neither model quantitatively captures the variation in the charge
particle fraction in helium. This needs to be further investigated in future studies considering the
mobility of ions formed in helium and the high mean thermal speed of helium atoms.
Along with the good agreement with the unipolar charging data of Adachi et al. (1985), we find
that the agreement between theoretical predictions with 𝛽. ’s derived from both models (eq. 7 and
eq. 11) to be excellent (except in helium) taking into account the nominal experimental
uncertainty of ~ 10% with the reported data. To understand the agreement between the two
models, we calculated several parameters related to the unipolar charge distribution of particles.
Figure 2.8 presents calculations of the magnitude of the mean charge |< 𝑝 >| (panel 8-A) for 10
nm, 50 nm, 100 nm conducting particles in 𝑁, at 298 𝐾 and 1 𝑎𝑡𝑚. The 𝑁. 𝑡̅ was varied from
3$

1

@9

104 − 10(l 32# for ions with mobility of 1.87 × 10'l 1.7 and mass of 0.028 3<SC. The Coulomb
potential energy ratio 𝛹$ (Figure 2.8-B) and the diffusive Knudsen number 𝐾𝑛# (Figure 2.8-C)
encountered in the unipolar charging of particles as a function of the particle charge magnitude
|𝑝| is also plotted. It is seen that 𝐾𝑛# ~30 for 10 𝑛𝑚, ~3 for 50 𝑛𝑚 and ~1 for 100 𝑛𝑚
particles, that represent transition to near free-molecular regime of ion transport. Panels 8-D, 8-E
and 8-F present the collision kernel 𝛽. calculated using LD-based model (eq. 7) and Fuchs model
(eq. 11). It is interesting to note that for |𝑝| < ~3 or/and for 𝐾𝑛# < ~1, the two models predict
the similar values of 𝛽. . From the mean charge plotted in Figure 2.8-A, it is seen that at an
1

𝑁. 𝑡̅ = 10(, 32# , the mean charge of particles ≤ ~2. In these conditions (that is typical of the
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measurements used here for model validation), the presence of higher charge levels (|𝑝| > 5) is
expected to be minimal and that the two models are similar.

41

Figure 2.8: A) Calculated mean charge for 10, 50, 100 nm particles exposed to 𝑁,* ions in 𝑁, as a
function of the 𝑁. 𝑡̅ product. B) Variation of the Coulomb potential energy ratio and C) the particle-ion
diffusive Knudsen number as a function of the particle charge. Panels D, E, F show 𝛽. predictions of
LD model (eq. 7) and Fuchs model (eq. 11) for collisions between particles carrying 𝑝 units of charge
and a like charged ion.
42

However, prior comparisons of LD-based 𝛽. and Fuchs (limiting sphere model)-derived 𝛽. , by
Ranganathan Gopalakrishnan et al. (2013) for repulsive Coulomb interactions and by Chahl and
Gopalakrishnan (2019) for attractive Coulomb interactions, reveal that at high values of 𝛹$
(higher charge states) limiting sphere model leads to inconsistent (non-monotonic) predictions
that arise to improper treatment of the ion velocity and impact parameters in the limiting sphere
-

formulation. While the disagreement between LD-based 𝛽. and Fuchs-derived 𝛽. at |𝛹$ | > , is
elaborated elsewhere (Chahl & Gopalakrishnan, 2019; R. Gopalakrishnan & C. J. Hogan, 2012),
we infer that under the experimental conditions considered, eq. 7 and eq. 11 produced practically
similar charge distributions. We expect measurements of charge fractions at higher 𝑁. 𝑡̅ to reveal
significant deviations and such experiments are necessary to test both the models and delineate
any differences, especially in high potential energy (high 𝛹$ ) driven diffusion charging at high
𝐾𝑛# . Eq. 7 was also shown to be valid for non-spherical particles as well by Ranganathan
Gopalakrishnan et al. (2013); considering this and the suitability of Fuchs model (eq. 11) for
only spherical shaped particles, eq. 7 may be advantageously used to describe the charging of
any shaped particles across the entire diffusive Knudsen number based transport regime. The
experimental testing of eq. 7 for nonspherical particles, however, needs to be carried out in future
studies. For spherical particles, Fuchs’ limiting sphere model (1963) is also accurate based on the
comparisons shown here.
Bipolar diffusion charging comparisons: Adachi et al. (1985) report measures of the bipolar
charge distribution and also summarized prior measurements of Hussin et al. (1983) and
Kousaka, Adachi, Okuyama, Kitada, and Motouchi (1983). They used positive and negative ion
mass-mobility from both Mohnen (1974) and Vohra et al. (1969) to compare their experiments
using the Fuchs’ charging model (1963). We follow their approach for comparison with charge
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fractions predictions using eq. 10 with LD-based 𝛽. (eq. 7 and 8) and charge fractions calculated
using Wiedensohler (1988)’s expression (eq. 12).
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Figure 2.9: A) Plot of the experimentally measured bipolar fraction reported by Adachi et al. (1985),
Kousaka et al. (1983) and Hussin et al. (1983) shown as data points of various colors and
corresponding theoretical predictions (using eq. 7 & eq. 8 in eq. 10) for two sets of ion properties
(Mohnen and Vohra) shown as dashed black lines and Wiedensohler’s regression (eq. 12) as a solid
black line. B) The % difference defined as ~1 −

(('G5 )+,.7,+,..,9<=>?
(('G5 )+:(

‚ between predictions using Vohra’s

ion properties is plotted. C) The % difference defined as ~1 −

(('G5 )+,.7,+,..,;
(('G5 )+:(

‚ between predictions

using Mohnen’s ion properties is plotted. D) The % difference defined as ~1 −

(('G5 )+,.3$
(('G5 )+:(

‚ between

Wiedensohler’s regression is plotted. Reference45lines are shown at ±10% and ±20% . The ion
properties used in this plot are listed in Table A.2-A of the Appendix.

Figure 2.9-A shows (1 − 𝑓Q ): measured values as datapoints of red/green/blue, black dashed
lines corresponding to predictions using Mohnen (1974) and Vohra et al. (1969)’s ion properties
and a solid dashed line (eq. 12). The choice of ion properties (Mohnen/Vohra) has a minimal
influence on 1 − 𝑓Q and the qualitative trend of the data is captured well by the model predictions
using both sets of ion properties. Quantitative agreement is seen in panels B (predictions using
Vohra’s ion properties) and C (Mohnen’s ion properties) of Figure 2.9 with ±10% and ±20%
given for reference.
Firstly, the data is seen to mostly fall within ±20%. The scatter in the % difference is symmetric
about 0, indicating no apparent bias in the predictions. This establishes the accuracy but not
precision of Langevin-based 𝛽. models (eq. 7 and eq. 8) for charging calculations. The
scatter/lack of precision in the data is also partly due to experimental uncertainties, and the fact
that the Langevin-based 𝛽. models are able to capture the data accurately down to 4 nm indicates
the utility of the model for sub-micron aerosol charging. Wiedensohler (1988) regression
systematically underpredicts the experimental charged particle fractions up to 40%. The %
difference is seen to increase for particle diameter < 10 𝑛𝑚, especially. Wiedensohler’s
parameterization uses a fixed set of ion properties to calculate 𝛽. and subsequently the charge
fractions for 𝑝 = −2, −1,0,1,2. This parameterization neglects the possibility of charge levels
beyond 3 for either polarity. At higher charge states, |𝛹$ | could be as high as 60 for sub-20 nm
-

particles. For such high values of 𝛹$ ≫ ,, Chahl and Gopalakrishnan (2019) showed that the
limiting sphere approach (D'Yachkov et al., 2007) consistently underpredicts 𝛽. for 𝐾𝑛# > 10.
Thus, based on this comparison we infer that for calculating charge distribution of sub-10 or sub20 nm particles, the LD-based 𝛽. (eq. 7 and 8) are more accurate than Wiedensohler’s regression
expression, especially if ion properties are measured simultaneously.
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Figure 2.10: A) Plot of the experimentally measured bipolar fraction of ∑&P?
&[Q 𝑓& reported by Adachi et
al. (1985), Kousaka et al. (1983) and Hussin et al. (1983) shown as data points of various colors and
corresponding theoretical predictions (using eq. 7 & eq. 8 in eq. 10) for two sets of ion properties
(Mohnen and Vohra) shown as dashed black lines and Wiedensohler’s regression (eq. 12) as a solid
(1@

black line. B) The % difference defined as p1 −
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ion properties is plotted. C) The % difference defined as p1 −
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using Mohnen’s ion properties is plotted. D) The % difference defined as p1 −
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t between

Wiedensohler’s regression is plotted. Reference lines are shown at ±10% and ±20% . The ion

Predicted and measured ∑&P?
&[Q 𝑓& shown in Figure 2.10-A of Adachi et al. (1985) and Hussin et
al. (1983)’s data again shows excellent agreement with most data points within ±10% (see
Figure 2.10-B and C). Also shown in Figure 2.10-A is the regression of eq. 12 that is nearly
identical to the set of predictions using eq. 7 & Mohnen’s ion properties.
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Figure 2.11: A) Plot of the experimentally measured ∑&\Q
&P'? 𝑓& reported by Adachi et al. (1985),
Kousaka et al. (1983) and Hussin et al. (1983) shown as data points of various colors and
corresponding theoretical predictions (using eq. 7 & eq. 8 in eq. 10) for two sets of ion properties
(Mohnen and Vohra) shown as dashed black lines and Wiedensohler’s regression (eq. 12) as a
(B5

solid black line. B) The % difference defined as p1 −

f∑(12@ G( h
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using Vohra’s ion properties is plotted. C) The % difference defined as p1 −
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between predictions using Mohnen’s ion properties is plotted. D) The % difference defined as
(B5
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f∑(12@ G( h

t between Wiedensohler’s regression is plotted. Reference lines are shown at

+:(

±10% and ±20%. The ion properties used in this plot are listed in Table A.2-A.
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However, Figure 2.11-A shows that ∑&P'? 𝑓& experimental data are consistently higher than the
predictions of eq. 12 (see Figure 2.11-D). Figure 2.11-B and 11-C show that LD-based 𝛽. capture
the data within ±20% nominally. This underprediction again confirms the systemic deficiencies
of the limiting sphere approach at high 𝛹$ . In unison, Figures 2.9 – 11 show that bipolar charge
distributions using eq. 7 and eq. 8 accurately reproduce Adachi et al. (1985)’s measurements (to
within ±20% and that the corresponding predictions of Wiedensohler (1988) regression fall
below the experiments for sub-40 nm particles.

50

Table 2.3-A: Table listing the experimentally measured charge distribution metrics reported by
Gopalakrishnan et al. (2015) and corresponding theoretical predictions using the reported ion
properties listed in Table A.2-C. The % difference between predictions and experiments for each
quantity (∙) is defined as ~1 − (∙)

(∙)",.7,",..

+:(+>'C+DE?F

‚. Comparison is carried out for 51.5 nm and 73.2 nm

gold particles in UHP Air and CO2.
UHP
Air
𝒇𝟎

𝒇𝒑P'𝟏
𝒇𝒑P'𝟐
𝒇𝒑P*𝟏
𝒇𝒑P*𝟐
𝒇𝒑P'𝟏
𝒇𝒑P*𝟏
𝒇𝒑P'𝟐
𝒇𝒑P*𝟐
CO2
𝒇𝟎

𝒇𝒑P'𝟏
𝒇𝒑P'𝟐
𝒇𝒑P*𝟏
𝒇𝒑P*𝟐
𝒇𝒑P'𝟏
𝒇𝒑P*𝟏
𝒇𝒑P'𝟐
𝒇𝒑P*𝟐

𝒅𝒑 = 𝟓𝟏. 𝟓 𝒏𝒎
Measured
Predicted
0.54
0.6030
17.23
18.3827

% diff. Measured
−12.63
0.48
−6.68
7.64

𝒅𝒑 = 𝟕𝟑. 𝟐 𝒏𝒎
Predicted
0.5169
8.5172

% diff.
−8.68
−11.48

23.12

22.9647

0.68

9.87

10.4274

−5.69

1.15

1.2255

−6.78

1.24

1.2033

3.03

1.54

1.5309

0.36

1.60

1.4732

7.87

% diff. Measured
3.12
0.48
−2.28
6.46

𝒅𝒑 = 𝟕𝟑. 𝟐 𝒏𝒎
Predicted
0.5071
6.7577

𝒅𝒑 = 𝟓𝟏. 𝟓 𝒏𝒎
Measured
Predicted
0.61
0.5943
13.64
13.9536

% diff.
−5.68
−4.57

21.11

17.6573

16.36

9.10

8.3509

8.23

1.64

1.2358

24.48

2.19

1.2182

44.30

2.53

1.5638

38.29

2.19

1.5054

31.17
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Gopalakrishnan et al. (2015a)’s charge distributions for 51.5 nm and 73.2 nm gold particles are
presented in Table 2.3-A along with predictions for the same calculated using eq. 10 with 𝛽.
from eq. 7 and 8, and with the ion properties listed in Table A.2-C. Comparison between
measurements and predictions in ultrahigh purity (UHP) air reveals excellent agreement to
within 10% for both 51.5 nm and 73.2 nm particles. This shows that when ion properties are
known accurately, LD-based models allow accurate and precise determination of charge
fractions. The comparisons in carbon dioxide show higher % differences, especially for the ratios
G

G

G

of G(143 , G(123 , G(12$ . We attribute this apparent anomaly to the fact that our bipolar charge
(14$

(143

(14$

distribution calculations assumed that positive and negative ions are only singly charged.
Gopalakrishnan et al. (2015a) state the possibility of the formation of doubly charged positive
and negative ions by direct ionization of carbon dioxide due to higher electronegativity
compared to nitrogen/oxygen. While we are not sure the precise reason for this high % difference
in carbon dioxide, we also point out the < ±5% agreement of the neutral fraction of particles.
Nevertheless, the LD-based 𝛽. models (eq. 7 and eq. 8) show excellent agreement with
measurements in air, nitrogen, and argon. The disagreement in helium and carbon dioxide needs
to be examined with attention to the nature of the ions formed in that gas as well as their
mobilities taking into the polarization limit of ions near relatively large, polarizable gas
molecules of carbon dioxide (compared to symmetric nitrogen/oxygen molecules).
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Table 2.3-B: Table listing the experimentally measured charge distribution metrics reported by
Gopalakrishnan et al. (2015) and corresponding theoretical predictions using the regression of
Wiedensohler (1988). The % difference between predictions and experiments for each quantity (∙)
is defined as ~1 − (∙)

(∙)",.7,",..
+:(+>'C+DE?F

‚. Comparison is carried out for 51.5 nm and 73.2 nm gold particles

in UHP Air and CO2.
UHP
Air
𝒇𝟎

𝒇𝒑P'𝟏
𝒇𝒑P'𝟐
𝒇𝒑P*𝟏
𝒇𝒑P*𝟐
𝒇𝒑P'𝟏
𝒇𝒑P*𝟏
𝒇𝒑P'𝟐
𝒇𝒑P*𝟐
CO2
𝒇𝟎

𝒇𝒑P'𝟏
𝒇𝒑P'𝟐
𝒇𝒑P*𝟏
𝒇𝒑P*𝟐
𝒇𝒑P'𝟏
𝒇𝒑P*𝟏
𝒇𝒑P'𝟐
𝒇𝒑P*𝟐

𝒅𝒑 = 𝟓𝟏. 𝟓 𝒏𝒎
Measured
Predicted
0.54
0.5744
17.23
18.1224

% diff. Measured
−7.28
0.48
−5.17
7.64

23.12

23.7027

−2.51

9.87

1.15

1.291

−12.48

1.24

1.54

1.6885

−9.89

1.60

𝒅𝒑 = 𝟓𝟏. 𝟓 𝒏𝒎
Measured
Predicted
0.61
0.5744
13.64
18.1224
21.11
1.64
2.53

% diff. Measured
0.48
6.37
6.46
−32.84

23.7027

−12.28

1.2910

21.11

1.6885

33.37

9.10
2.19
2.19

𝒅𝒑 = 𝟕𝟑. 𝟐 𝒏𝒎
Predicted
0.4932

% diff.
−3.70

8.4564

−10.68

11.1295

−12.81

1.2791

−3.08

1.6834

−5.28

𝒅𝒑 = 𝟕𝟑. 𝟐 𝒏𝒎
Predicted
0.4932

% diff.
−2.77

8.4564

−30.85

11.1295

−22.31

1.2791

41.51

1.6834

23.03

Table 2.3-B presents a comparison between the experimental data and the predictions of eq. 12.
It is seen that Wiedensohler’s model also explains the data well, in spite of the deficiencies noted
previously. Limiting sphere approaches and LD-based approach yield similar values of 𝛽. for
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𝐾𝑛# < 10 (charged particles that are greater than ~ 20 nm) is further vindicated by this
agreement for ~50 nm and ~70 nm particles for which 𝐾𝑛# ~0.5 and 𝛹$ ~2 − 4.

Figure 2.12: Considering the collision between negatively charged 10, 50, 100 nm particles exposed to
𝑁,* ions in 𝑁, : A) Variation of the Coulomb potential energy ratio and B) the particle-ion diffusive
Knudsen number as a function of the particle charge. Panels C, D, E show 𝛽. predictions of LD model
(eq. 8) and Fuchs model (eq. 11) for collisions between negatively charged particles carrying 𝑝 units of
charge and a positive ion.
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Figure 2.12 presents 𝛹$ , 𝐾𝑛# , 𝛽. for the collisions between negatively charged 10, 50, 100 nm
particles and 𝑁,* ions in air (with conditions same as Figure 2.8). Considering particle charge up
to 5, it is seen that [𝛹$ , 𝐾𝑛# ] varies up to ~[56, 2] for 10 nm particles, ~[11, 0.4] for 50 nm
particles and ~[6, 0.2] for 100 nm particles. Figure 2.12-C, D, E show that the LD-based (eq. 8)
and Fuchs-derived 𝛽. (eq. 12) differ very little from each other in these conditions. While
Wiedensohler (1988), that uses collision kernel values derived from the limiting sphere approach
(W. A. Hoppel & G. M. Frick, 1986), has been numerously used to calculate steady state bipolar
charge distributions found in neutralizer/ambient ions, the presented set of LD-based 𝛽. models
(eq. 7 and 8) are applicable for wider range of charging conditions (plasma generated ions or
charging at low or high pressures). Specifically, for sub-20 nm particles, the LD-based 𝛽. (eq. 7
and 8 in eq. 10) are more accurate than Wiedensohler’s expression (eq. 12). Although
Wiedensohler’s regression was derived specifically for ions in air, it is erroneous usage in other
gases should be avoided and the LD-based 𝛽. may be used with appropriate ion properties.
The LD-based 𝛽. model is based on the Langevin formulation to calculate particle-ion collision
times implicitly assumes that the ions are much heavier than the background gas molecules.
Practically, this makes eq. 7 and eq. 8 applicable to describe the charging of ions heavier or at
least of equal mass as the background gas molecules. The effect of dielectric constant of particle
material, though expected to be small for dielectric constants > 2.5 (Davison & Gentry, 1985),
can be incorporated into the formulation of 𝛹% through eq. 2b. The presented approach by
analyzing LD simulations is ideally suited for describing the bipolar charging of non-spherical
particles as well. The effect of particle shape has been parameterized in prior studies
(Gopalakrishnan et al., 2015a; R. Gopalakrishnan, M. J. Meredith, et al., 2013; Ranganathan
Gopalakrishnan et al., 2013) and will have to be experimentally validated in future studies. The
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/

presented 𝛽. models (eq. 7 and eq. 8) are valid for 0 < 𝛹$ ≤ 60, 0 ≤ / ! ≤ 1 and 𝐾𝑛# ≤ 2000.
"

For most aerosol charging situations, 𝐾𝑛# ≤ 20 even for ~2 nm particles at atmospheric
pressures. Thus, the presented models can be used to predict particle charging at low pressures as
well. For a singly charged 2 nm particle at 300 K, 𝛹$ ~56. Thus, the presented model covers a
broad range of particle charge and size as well as gas temperature and pressure. For ions formed
in ambient condition by the ionization of molecules by low-energy radiation, electrical mobility
is typically of the order of 10'l

3$
1.7

at atmospheric pressure and is thus well accommodated in the

𝐾𝑛# ≤ 2000 range examined in the model development. In summary, the presented LD-based
𝛽. models (eq. 7 and eq. 8) are shown to be accurate in qualitatively and quantitatively predicting
unipolar and bipolar diffusion charging distributions.
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2.4 Conclusions
From the described study aimed at developing and validating Langevin Dynamics (LD) based
collision kernel 𝛽. models for particle-ion diffusion charging in unipolar and bipolar ion
environments, we derive the following conclusions:
1. We present a 𝛽. accounting the particle-ion attractive Coulomb and image
potential interactions that is accurate in describing the Langevin-inferred 𝛽. from
computations carried out following the approach of Chahl and Gopalakrishnan
/

(2019). The developed model is valid for 0 < 𝛹$ ≤ 60, 0 ≤ / ! ≤ 1 and 𝐾𝑛# ≤
"

2000 that covers a broad range of aerosol diffusion charging conditions.
2. Eq. 7 and eq. 8 for 𝛽. to describe particle-ion Coulomb and image potential
interactions may be used to calculate unipolar (eq. 9) and bipolar charge
distributions (eq. 10) accurately.
3. The LD-based 𝛽. models are tested by comparing against experimentally
measured charge distributions (both unipolar and bipolar). The comparisons with
unipolar charging experiments establish the model’s validity for in air, nitrogen
and argon. Comparisons in helium are seen to be systematically lower than the
experimental values, suggesting the need to probe unipolar charging further.
Comparisons with bipolar charging experiments revealed that there is no apparent
bias in the predictions and that with accurate determination of ion properties, LDbased 𝛽. models yield excellent agreement with experimental data. The
disagreement found in the case of bipolar charging in carbon dioxide needs to be
further investigated, especially with respect to the possibility of multiply charged
positive and negative ions involved in charging.
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4. As part of this model validation, we chose to compare experimental results with
current state-of-the-art N. A. Fuchs (1963) limiting sphere model for unipolar
charging. It is seen that Fuchs’ model and the LD-based model described here
yield nearly identical predictions in the experimental conditions considered here
for air, argon and nitrogen (Adachi et al., 1985; Adachi, Okuyama, Kousaka, et
al., 1987). Further experiments at higher values of the 𝑁. 𝑡̅ parameter will be
necessary to probe charging models at conditions of high potential energy (high
𝛹$ ) between the interacting particle and ion. The LD-based model and Fuchs
model both underpredict charged particle fraction in helium, warranting further
theoretical development for charging in helium.
5. Likewise, Wiedensohler (1988) regression was also compared against
experimental data for bipolar charging (Adachi et al., 1985; Gopalakrishnan et al.,
2015a) along with the LD-based model. It is seen that usage of approximate ion
properties and systemic issues in collision kernel prediction at high 𝛹$ , lead to
underprediction of the bipolar charged particle fraction and total fraction of
negatively charged particles. Predictions by LD-based model and Wiedensohler’s
regression are accurate to predict bipolar charging in UHP air but not in carbon
dioxide. Further work will be necessary to address this shortcoming of current
charging models.
6. In summary, we have developed and validated a complete model for unipolar and
bipolar diffusion charging of spherical aerosol particles in the absence of external
fields. The model presented here may be used to investigate charging of particles
(>2 nm) by molecular ions (that are of equal mass or heavier than the background
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gas, in gases other than helium and carbon dioxide) across a broad range of gas
temperature and pressure, ion mass and mobility. The effect of particle shape,
material, external electric fields and high ion concentrations (beyond the dilute
limit) are also important and need to be examined in future modeling
investigations.
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Chapter 3 Diffusion Charging of arbitrary shaped aerosol particles2
In this chapter, an extended 𝛽. model for collisions between unlike charged particle-ion (bipolar
charging) is developed, along with like charged particle-ion (unipolar charging) are validated
by comparing against published experimental data of bipolar charge distributions for diverse
shapes. The comparison with experimental results supports the use of LD-based diffusion
charging models to predict the bipolar and unipolar charge distribution of arbitrary shaped
aerosol particles for a wide range of particle size, and gas temperature, pressure.
3.1 Introduction
Diffusion charging of aerosol particles (typically, ~1 𝑛𝑚 to several 𝜇𝑚 in size suspended in a
gas) is driven by the thermal energy 𝑘> 𝑇9 and the electrostatic potential energy 𝜑(𝑟) of ions; the
ion transport is followed by a relatively instantaneous charge transfer reaction to the particle that
leaves the particle charge 𝑧& modified: 𝑧& → 𝑧& + 𝑧. , where 𝑧. = ±1 is the ion’s elementary
charge. Although experimental studies have shown that particle shape strongly influences the
electric charge of aerosol particles exposed to low energy (~0.03 𝑘𝑒𝑉) unipolar (Davison, Yu,
Hwang, & Gentry, 1986; Han, Ranade, & Gentry, 1991a; Oh et al., 2004; Park, Park, Moon, Ko,
& Shin, 2015; Shin et al., 2010; Unger et al., 2004; Vomela & Whitby, 1967; P. Y. Yu et al.,
1987) ions (summarized in Table 3.1-A) and bipolar (Ku, Deye, Kulkarni, & Baron, 2011;
Kulkarni, Deye, & Baron, 2009; Maricq, 2008; Nie, Wang, & Biswas, 2017; S. N. Rogak & R.
C. Flagan, 1992; Tanaka et al., 2014; Wen et al., 1984b; Xiao, Swanson, Pui, & Kittelson, 2012)
ions (summarized in Table 3.1-B), an accurate model to predict the charge distribution of
particles of arbitrary shape remains elusive (Gopalakrishnan et al., 2015a; R. Gopalakrishnan, T.

2

Aspects of the results described in this chapter (including some text and figures) have been published
in (Li & Gopalakrishnan, 2021a)
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Thajudeen, et al., 2013). The charging rate of aerosol particles 𝑅. (𝑚'- 𝑠 '( ) of specified size and
shape is calculated as the product of the particle-ion collision kernel/collision rate
coefficient/attachment coefficient/ion flux coefficient 𝛽. (𝑚- 𝑠 '( ), the particle number
concentration 𝑛& (𝑚'- ) and the ion number concentration 𝑛. (𝑚'- ): 𝑅. = 𝛽. 𝑛& 𝑛. . The inference
of the collision kernel 𝛽. for spherical aerosol particles has been the subject of numerous
theoretical treatments (Bricard, 1962; Chahl & Gopalakrishnan, 2019; D'Yachkov et al., 2007; N.
A. Fuchs, 1963; Gatti & Kortshagen, 2008; R. Gopalakrishnan & C. J. Hogan, 2012; R.
Gopalakrishnan, M. J. Meredith, et al., 2013; R. Gopalakrishnan, T. Thajudeen, et al., 2013; W.
A. Hoppel & G. M. Frick, 1986; Lopez-Yglesias & Flagan, 2013; Lushnikov & Kulmala, 2004;
Marlow, 1980; Ouyang et al., 2012b; Sharma et al., 2019) and experimental investigations
(Adachi et al., 1985; Adachi, Okuyama, Kousaka, et al., 1987; Adachi et al., 1989; Adachi, Pui,
& Liu, 1993; Adachi, Romay, & Pui, 1992; Hussin et al., 1983; Porstendorfer et al., 1984;
Porstendorfer, Robig, & Ahmed, 1979; Reischl et al., 1983), most recently reviewed by Li Li,
Harjindar Singh Chahl, and Ranganathan Gopalakrishnan (2020) and Johnson et al. (2020). In
this article, we focus on the effect of particle shape on 𝛽. , advance a model for the same and
compare the predictions of the developed model against published bipolar charging experimental
data.
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Table 3.1-A: Summary of prior experimental studies of unipolar diffusion charging of nonspherical aerosol particles
Reference

Short summary

Vomela and Whitby

Copper oxide and smoke aggregates (𝑁& = 10 −

(1967)

300, 𝑑& ~ 0.043 𝜇𝑚) acquire ~70% more charge than mobility
equivalent spheres.

Davison et al. (1986)

Mean charge on dry actinolite fibers (𝑑& = 0.3 − 0.4 𝜇𝑚,

S(
g(

~7 −

10) is ~50% higher than expectations for spherical particles of the
same diameter.
P. Y. Yu et al. (1987)

Mean charge on asbestos fibers (𝑑& ~0.3 𝜇𝑚, 𝑙& ~3 𝜇𝑚) investigated
1

in the range of 𝑁Q 𝑡~10(, − 10(- 3# .
Han et al. (1991a)

Charging efficiency of carbon fibers (𝑑& ~3 𝜇𝑚, 𝑙& ~1000 𝜇𝑚)
measured.

Oh et al. (2004)

Mean charge on TiO2 aggregates (𝐷G ~1.7 − 2.0, 𝑑3C ~50 −
200 𝑛𝑚) seen to be consistently higher than volume equivalent
spheres.

Unger et al. (2004)

Mean charge on cubic NaCl particles (of side 0.42 − 1.1 𝜇𝑚) is
higher by to an order of magnitude than expectations of charging
1

models for spherical particles in the range of 𝑁Q 𝑡~10(5 − 10(q 3# .
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Table 3.2-A: Summary of prior experimental studies of unipolar diffusion charging of nonspherical aerosol particles (Continued)
Shin et al. (2010)

Mean charge on silver aggregates (𝑑3C ~75 − 200 𝑛𝑚) seen to be
1

higher than spheres at 𝑁Q 𝑡~2.5 × 10(- 3#
Park et al. (2015)

Mean charge on silver nanorods (𝑑& ~32, 48, 68 𝑛𝑚 and polydisperse
lengths) seen to be higher than spherical PSL particles for
𝑑3C ~200 − 400 𝑛𝑚.

Table 3.1-B: Summary of prior experimental studies of bipolar diffusion charging of non-spherical
aerosol particles
Reference

Short summary

Wen et al. (1984b)

Mean charge of negatively charged 𝛾-Fe2O3 linear chain aggregates

(used for model

(𝑑& ~0.041 – 0.081 𝜇𝑚) reported.

validation)
S. N. Rogak and R.

Fraction of neutral particles among TiO2 aggregates of 𝑑& ~10 −

C. Flagan (1992)

20 𝑛𝑚 is ~ 5% lower than spheres in the range of 𝑑3C ~100 −
800 𝑛𝑚.

Maricq (2008) (used

Singly, doubly and triply charged fractions of ethylene and diesel soot

for model validation)

aggregates (𝐷G ~1.9 − 2.0, 𝑑& ~17 𝑛𝑚) reported.
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Table 3.1-B: Summary of prior experimental studies of bipolar diffusion charging of non-spherical
aerosol particles (Continued)
Kulkarni et al. (2009)

Neutral fraction among single walled carbon nanotubes (𝑑& ~0.7 −

and Ku et al. (2011)

2.4 𝑛𝑚, 𝑙& > 5 𝜇𝑚) is lower by up to an order of magnitude than
expectations of models for spherical particles in the range of
𝑑3C ~100 − 1000 𝑛𝑚.

Xiao et al. (2012)

Neutral fraction of diesel soot particles i𝐷G ~1.75, 𝑑& ~24 𝑛𝑚j and

(used for model

silver aggregates i𝐷G ~1.78, 𝑑& ~14 𝑛𝑚j were reported to lower by

validation)

~7% than spheres. Fraction of singly and doubly charged ~46% higher
than spheres for negative polarity and 32% less for positively charged
particles.

Tanaka et al. (2014)

The neutral fraction of carbon nanofibers (𝑑& ~10 −
25 𝑛𝑚, 𝑑3C ~42 − 180 𝑛𝑚) is much lower than theoretical
predictions for spheres. The fraction of singly and doubly charged
particles are higher than spheres in the range of 𝑑3C ~10 − 400 𝑛𝑚.

Gopalakrishnan et al.
(2015a) (used for

The fraction of neutrals and ratio of singly and doubly charged
S

fractions of gold nanorods ~𝑑& ~17 − 43 𝑛𝑚, g( ~2 − 15‚ reported to
(

model validation)

be similar to spheres in the range of 𝑑3C ~50 − 70 𝑛𝑚.
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Nie et al. (2017)

Charge fractions measured for crumpled graphene oxide particles are
similar to those of spherical particles in the range of 𝑑3C ~40 −
200 𝑛𝑚.

Particle capacitance has been shown to determine the ion flux on to a particle of any shape in the
continuum regime of diffusion charging (J. S. Chang, 1981; Jen‐Shih Chang & Laframboise,
1976; Filippov, 1994; Laframboise & Chang, 1977), wherein the ion’s motion with respect to the
particle is diffuse or random. Wen, Reischl, and Kasper (1984a) used the Boltzmann charge
distribution with a charging equivalent diameter, defined as the sphere with the same surface
electric potential as a non-spherical particle, to calculate the particle charge fractions for fibrous
aerosol particles in the continuum regime as a function of the diameter (minor axis) and majorto-minor axis ratio. Han et al. (Han & Gentry, 1993, 1994; Han, Ranade, & Gentry, 1991b)
produce estimates of the mean charge and free molecular flux of ions to cylindrical particles
using trajectory simulations valid for instances wherein the ion mean free path is much larger
than the particle length scale (i. e.) the free molecular regime of charging. Biskos et al. (Biskos,
Mastorakos, & Collings, 2004; Biskos et al., 2005) used Monte Carlo simulations to show that
non-spherical particles acquire a higher charge than volume equivalent spheres when exposed to
unipolar ions in the transition regime – instances of the ion motion being neither completely
driven by diffusion nor entirely determined by ion’s mass or inertia.
R. Gopalakrishnan, M. J. Meredith, et al. (2013) used ergodic Langevin Dynamics (LD)
simulations to calculate the steady-state bipolar charge distribution on non-spherical aerosol
particles in the transition regime and found that non-spherical particles acquire higher levels of
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elementary charge compared to spheres having the same electrical mobility and that 𝛽. strongly
depends on shape for chain-like open structures, and is weakly sensitive to shape for relatively
compact or sphere-like particles. Gopalakrishnan et al. (Gopalakrishnan et al., 2011b; R.
Gopalakrishnan, T. Thajudeen, et al., 2013) showed that the ratio between a length scale
descriptor for the particle shape and the ion’s mean persistence path is used to define the
diffusive Knudsen number 𝐾𝑛# of mass transfer: 𝐾𝑛# → 0 represents continuum ion transport
regime with respect to the particle, while 𝐾𝑛# → ∞ implies free molecular transport. In the finite
𝐾𝑛# transition regime of aerosol particle charging (T. Thajudeen et al., 2012), the ion’s motion
is significantly influenced by both diffusional motion (at large particle-ion separations) and
inertial motion (in the immediate vicinity of the particle). For a spherical particle, the length
scale used to normalize the ion mean persistence path is, naturally, the radius/diameter for the
entire 𝐾𝑛# regime. For non-spherical particles, continuum transport (𝐾𝑛# → 0) is described
using the Smoluchowski radius 𝑅1 , defined as the radius of the sphere with the same diffusionlimited transport rate as the non-spherical particle (I. C. Kim & Torquato, 1991; Northrup,
Allison, & McCammon, 1984; Potter, Luty, Zhou, & McCammon, 1996; Rubinstein & Torquato,
1988; Torquato & Avellaneda, 1991; Zhou, 1995; Zhou, Szabo, Douglas, & Hubbard, 1994) – 𝑅1
is also invoked to calculate capacitance of shapes (J. S. Chang, 1981; Jen‐Shih Chang &
Laframboise, 1976; Filippov, 1994; Laframboise & Chang, 1977) in the context of momentum
transfer, where it is referred to as the hydrodynamic radius. On the other hand, the free molecular
transport (𝐾𝑛# → ∞) of ions is described using gas kinetic theory (Vincenti & Kruger, 1975)
invoking the orientation averaged projected area 𝑃𝐴 of the particle (particle-ion collision cross
section). Gopalakrishnan et al. (Gopalakrishnan et al., 2011b; R. Gopalakrishnan, T. Thajudeen,
et al., 2013) showed that a length scale derived as the ratio of the free molecular to the
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continuum length scales is suitable for describing the effect of shape on charging across the
entire 𝐾𝑛# regime: 𝑅1 , 𝑃𝐴 can be evaluated using efficient algorithms for any given shape
(Gopalakrishnan et al., 2011b; Pease et al., 2011; Pease et al., 2010; Shvartsburg, Mashkevich,
Baker, & Smith, 2007; T. Thajudeen et al., 2012). Using LD calculations of the particle-ion
collision kernel 𝛽. and scaling analysis, R. Gopalakrishnan, T. Thajudeen, et al. (2013) produced
an expression for 𝛽. valid for particles of arbitrary shape and across the entire 𝐾𝑛# regime, from
continuum to free molecular, for instances of combined repulsive Coulomb-attractive image
potential interactions encountered in unipolar diffusion charging involving collisions between
neutral/like charged particles and ions. For spherical particles, the effect of particle-ion potential
interactions – Coulomb potential (Chahl & Gopalakrishnan, 2019; R. Gopalakrishnan & C. J.
Hogan, 2012), image potential (Ouyang et al., 2012b) and combined Coulomb-image potential
(R. Gopalakrishnan, T. Thajudeen, et al., 2013; Li Li et al., 2020) have been parameterized in
prior work and produce excellent agreement with experimentally measured unipolar and bipolar
charge distributions (Li Li et al., 2020). However, currently, there is not an analogous model to
describe the combined attractive Coulomb- attractive image potential interactions encountered in
the bipolar diffusion charging of non-spherical particles involving collisions between oppositely
charged particles and ions. We hypothesize that the 𝛽. model described by Li Li et al. (2020) that
parameterizes the effect of combined attractive Coulomb-image potential across the entire 𝐾𝑛#
regime for spherical particles may be extended for any shape by using the particle shape length
scale descriptors 𝑅1 , 𝑃𝐴 advanced by R. Gopalakrishnan, T. Thajudeen, et al. (2013). Building on
the work of Li Li et al. (2020), the first objective of this article is to extend their particle-ion
collision kernel 𝛽. model to include the effect of particle shape on the collision between an
unlike charged particle and ion. The 𝛽. expression described in this article, when combined with
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the prior 𝛽. model that captures the combined repulsive Coulomb-image potential interactions for
any shape (R. Gopalakrishnan, T. Thajudeen, et al., 2013), provides a complete set of particleion collision kernel 𝛽. expressions for both attractive and repulsive Coulombic interactions and
attractive image potential interactions for particles of arbitrary shape. The second objective of
this article is to compare the charge distribution predictions of the bipolar 𝛽. model described
here and the unipolar 𝛽. model of R. Gopalakrishnan, T. Thajudeen, et al. (2013) against
published bipolar charging experimental data for spheres (Johnson et al., 2020; Wiedensohler &
Fissan, 1991), cylinders (Gopalakrishnan et al., 2015a), linear chains (Wen et al., 1984b) and
fractal aggregates (Maricq, 2008; Xiao et al., 2012) to test the accuracy of the LD-based 𝛽.
modelling approach in predicting the diffusion charging of non-spherical aerosol particles. Along
with the excellent agreement of model predictions with experimental data for spherical particles
(Adachi et al., 1985; Adachi, Okuyama, Kousaka, et al., 1987; Gopalakrishnan et al., 2015a)
described by Li Li et al. (2020), a unified diffusion charging model for spherical and nonspherical aerosol particles alike is advanced here by validating against experimental data. The
presented model is appropriate to describe the unipolar/bipolar diffusion charging of arbitrary
shaped aerosol particles for a wide size range, background gas pressures and ion properties.
To test the collision kernel 𝛽. , developed previously by R. Gopalakrishnan, T. Thajudeen, et al.
(2013) and Li Li et al. (2020) for predicting the diffusion charging distributions of arbitrary
shaped particles, we elect to re-analyze the bipolar charge distribution data reported by
Wiedensohler and Fissan (1991) for spherical aerosol particles in air, nitrogen and argon. The
more recent experiments by Johnson et al. (2020) that report charge fractions up to particle
charge levels of ±5 for spherical particles are also used for comparison. This comparison, along
with the comparisons presented in Li Li et al. (2020), reinforce the LD-based 𝛽. model’s
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accuracy to predict the diffusion charging of spheres. The bipolar diffusion charging data for
gold nanorods reported by Gopalakrishnan et al. (2015a), linear chain aggregates reported by
Wen et al. (1984b), fractal aggregates reported by Maricq (2008) and Xiao et al. (2012) are used
to probe the model’s accuracy for diverse particle shapes. The calculations of the reported
measured quantities are carried out using the values of ion mass and mobility, particle size and
gas temperature and pressure from the same studies, as noted in Appendix-B.
The remainder of this article is organized as follows: The Methods section summarizes the LDbased 𝛽. model developed in prior work (R. Gopalakrishnan, T. Thajudeen, et al., 2013; Li Li et
al., 2020) that is generalized here to particles of arbitrary shape for attractive Coulomb-image
potential interactions by carrying out additional simulations. The testing of the hypothesis,
introduced earlier, by comparing the predictions of 𝛽. models of against additional LD
calculations of 𝛽. for non-spherical particles is also described. Subsequently, the calculation of
expected aerosol particle bipolar charge distributions for each of the experimental datasets are
described. The comparisons between experiments and predictions of LD-based 𝛽. model is
discussed in the Results and Discussion, followed by the Conclusions from this study. The
Supplemental Information (SI) published along with this article presents tables of ion properties,
details of charge distribution calculations and regression equations of the developed model to
support the main text.
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3.2 Methods
𝜷𝒊 model development: The Langevin Dynamics (LD) based 𝛽. model for collisions between an
unlike charged spherical particle and a point mass ion driven by attractive Coulomb-image
potential interactions, described by Li Li et al. (2020), is extended to non-spherical shapes in this
article by carrying out additional simulations for the same set of shapes used by R.
Gopalakrishnan, T. Thajudeen, et al. (2013), listed in Table 3.3-A and Table 3.3-B. Our
methodology here for 𝛽. model development for attractive Coulomb-image potential interactions
is same as that employed by R. Gopalakrishnan, T. Thajudeen, et al. (2013) for repulsive
Coulomb-image potential interactions. Hence, we present a brief summary of the computational
methods here without repeating all the details.
Table 3.3 A: Summary of test shapes (point contacting spheres containing 𝑁 identical spheres)
used along with symbols used for plotting 𝜂2 , 𝜂G , 𝐻 calculations considering both Coulomb and
image potential interactions. 𝑅1 , 𝑃𝐴 for each shape are calculated using the algorithms presented
in the Supplemental Information of Gopalakrishnan et al. (2011b). Fractal pre-factor 𝑘G = 1.3 for
all shapes considered.
Symbol used to denote
Shape

Image

𝑹𝒔
𝒂𝒑

𝑷𝑨
𝒂𝟐𝒑

𝑷𝑨
𝝅𝑹𝟐𝒔

the shape in Figure 3.1–
Figure 3.7

Filled upper triangle, red
𝑵 = 𝟐 linear chain

1.39

5.80

70

0.96

Filled lower triangle, blue
𝑵 = 𝟑 linear chain

1.72

8.46

0.91

Table 3.3 A (Continued)
Filled square, green
𝑵 = 𝟓 linear chain

𝑵 = 𝟓, 𝑫𝒇 = 𝟏. 𝟕𝟖

2.32

13.78

0.81

2.19

13.28

0.88

Filled square, blue

Filled
𝑵 = 𝟏𝟎 linear chain

diamond,

green
3.59

27.07

0.67

Filled diamond, blue
𝑵 = 𝟏𝟎, 𝑫𝒇 = 𝟏. 𝟕𝟖

3.03

24.72

0.86

Filled diamond, red
𝑵 = 𝟏𝟎, 𝑫𝒇 = 𝟐. 𝟓𝟎

2.58

21.10

0.99

Filled hex, dark gray
𝑵 = 𝟐𝟎 linear chain

5.79

53.66

71

0.51

Filled hex, dark pink
𝑵 = 𝟐𝟎, 𝑫𝒇 = 𝟏. 𝟕𝟖

5.79

53.66

0.79

Table 3.2-B: Summary of test shapes (point contacting spheres containing 𝑁 identical spheres)
used along with symbols used for plotting 𝜂2 , 𝜂G , 𝐻 calculations considering only Coulomb
potential interaction. 𝑅1 , 𝑃𝐴 for each shape are calculated using the algorithms presented in the
Supplemental Information section of Gopalakrishnan et al. (2011b). Fractal pre-factor 𝑘G = 1.3
for all shapes considered.
Symbol used to denote
Shape

Image

𝑹𝒔
𝒂𝒑

𝑷𝑨
𝒂𝟐𝒑

𝑷𝑨
𝝅𝑹𝟐𝒔

the shape in Figure 3.1–
Figure 3.7

Filled circle, red
𝑵 = 𝟑𝟎, 𝑫𝒇 = 𝟏. 𝟔𝟕

5.47

68.92

0.73

Filled circle, blue
𝑵 = 𝟓𝟎, 𝑫𝒇 = 𝟐. 𝟎𝟎

6.22

72

100.55

0.83

Filled circle, green
𝑵 = 𝟖𝟎, 𝑫𝒇 = 𝟏. 𝟗𝟓

8.13

155.91

0.75

Filled circle, yellow
𝑵 = 𝟔𝟎, 𝑫𝒇 = 𝟏. 𝟔𝟑

8.35

139.29

0.64

Filled circle, dark pink
𝑵 = 𝟒𝟓, 𝑫𝒇 = 𝟏. 𝟕𝟖

6.50

98.18

0.74

Filled circle, dark gray
𝑵 = 𝟔𝟓, 𝑫𝒇 = 𝟐. 𝟑𝟐

6.14

111.19

0.94

Table 3.2-B (Continued)
Filled circle, dark green
𝑵 = 𝟕𝟎, 𝑫𝒇 = 𝟐. 𝟎𝟒

7.18

133.74

0.83

Filled circle, black
𝑵 = 𝟏𝟎𝟎, 𝑫𝒇 = 𝟏. 𝟖𝟗

9.28

199.54

0.74

Filled circle, dark blue
𝑵 = 𝟏𝟎𝟎 linear chain

19.88

260.9

0.21

The non-dimensional particle-ion electrostatic potential energy 𝜑(𝑟) for spherical (Li Li et al.,
2020) and non-spherical (R. Gopalakrishnan, T. Thajudeen, et al., 2013) particles depends on the
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particle shape and particle-ion separation, as well as 𝛹$ and 𝛹% – the electrostatic potential
energy to thermal energy ratios associated with Coulomb and image potential interactions,
respectively, defined as:
𝑧& 𝑧. 𝑒 ,
𝛹$ = −
… (1𝑎)
4𝜋𝜀< 𝑘> 𝑇9 𝑅1
𝛹% =

𝜀= − 1
𝑧., 𝑒 ,
… (1𝑏)
𝜀= + 1 4𝜋𝜀< 𝑘> 𝑇9 𝑅1

Consistent with R. Gopalakrishnan, T. Thajudeen, et al. (2013), the Smoluchowski radius 𝑅1 is
used in eq. 1 for scaling the electrostatic potential energies. 𝑅1 = 𝑎& for a spherical particle of
radius 𝑎& . 𝛹$ > 0 for attractive Coulomb interactions between unlike charged particle and ion,
while 𝛹$ < 0 denotes repulsive Coulomb interaction between like charged particle and ion. The
attractive image potential interaction 𝛹% > 0 depends on the particle dielectric constant 𝜀=
(Jackson, 1975). The non-spherical test shapes considered here consist of ensembles of point
contacting spheres listed in Table 3.3-A and Table 3.3-B. The particle charge 𝑧& on an aggregate
is modeled to be distributed among the 𝑁 primary spheres such that each sphere carries a
fractional charge, that adds up to 𝑧& , and collectively minimizes the electrostatic potential energy
of the particle (Brown & Hemingway, 1995), making the presented analysis applicable for
conducting particles (𝜀= = ∞) only; we defer the effect of particle material on the charging of
non-conducting particles (finite 𝜀= ) to potential future investigations. We refer the reader to R.
Gopalakrishnan, T. Thajudeen, et al. (2013) for the complete form of the particle-ion potential
and the calculation of the Coulombic and image forces on the ion due to a charged/neutral
particle. In this work, we specifically focus on presenting the results of LD simulations, taking
into account the attractive Coulomb-image interactions, between non-spherical particles and
singly charged ions (𝑧. = ±1), and investigate 𝛹$ > 0, 𝛹% ≤ |𝛹$ | here.
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In the continuum regime, 𝛽. is determined by the combined electrostatic drift-diffusion of the
ions to a non-spherical particle (Friedlander, 2000; N. A. Fuchs, 1963):
𝛽. = 4𝜋

𝑘> 𝑇9
𝑅1 𝜂2 (𝛹$ , 𝛹% ) … (2)
𝑓.

𝑓. is the ion friction factor that can be calculated from ion self-diffusion coefficient (Friedlander,
2000) 𝐷. and the Stokes-Einstein relation v𝑓. =

@% A&
#'

w or the low-field ion mobility 𝜇. v𝑓. =

B' C
D'

w.

𝑅1 is the Smoluchowski radius, the continuum length scale described in the Introduction.
𝜂2 (𝛹$ , 𝛹% ), the continuum enhancement factor, is evaluated analytically for spherical particles as
(N. A. Fuchs, 1963):

𝜂2 (𝛹$ , 𝛹% ) =

Here, 𝜑(𝑟) = −

/"
=

𝛹$
,𝛹 = 0
1 − exp(−𝛹$ ) %

⎧
⎪
?

1
⎨
pq
expi𝜑(𝑟)j𝑑𝑟t
⎪
𝑟,
⎩ (

'(

… (3)

, 𝛹% ≠ 0

/

− ,= $(= !$ '() for a spherical particle, where 𝑟 is the non-dimensional

separation between the particle and ion (measured in multiples of the particle radius 𝑎& ). Using
trajectory simulations that neglects the ion inertia v𝑚.
(

v⃗'
gu
gY

= 0w and assuming instant thermal

-

relaxation with the background gas v〈, 𝑚. 𝑣., 〉 = , 𝑘> 𝑇9 w, R. Gopalakrishnan, T. Thajudeen, et al.
(2013), as described in the Supplemental Information section of that paper, show that 𝜂2 (𝛹$ , 𝛹% )
for non-spherical particles is accurately described by eq. 3 in instances of repulsive Coulombimage (𝛹$ ≤ 0, 𝛹% ≤ |𝛹$ |) potential interactions.
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Figure 3.1 presents 𝜂2 (𝛹$ , 𝛹% ), calculated using the same methodology for non-spherical particle
shapes (aggregates of point contacting spheres with number of primary particles 𝑁 ≤ 20 listed in
Table 3.3-A along with the symbols used for plotting), as discrete data points. Panels A, C, E
show, respectively, the cases of pure Coulomb (𝛹% = 0, charged perfectly non-conducting
particle and ion), pure image (𝛹$ = 0, uncharged conducting particle and ion) and combined
/

attractive Coulomb-image potential interaction v0 < / ! ≤ 1w between unlike charged
"

Figure 3.1: Calculations of the continuum enhancement factor 𝜂2 (𝛹$ , 𝛹% ) for different test shapes
listed in Table 2.3-A for cases of A) pure Coulomb interaction between the particle and ion (𝛹% = 0)
plotted as a function of 𝛹$ ; C) pure image interaction (𝛹$ = 0) plotted as a function of 𝛹% ; and E)
/

combined Coulomb-image potential interaction v0 < / ! ≤ 1w plotted as a function of 𝛹$ . In panels
"

A, C and E, the analytically computed 𝜂2 using eq. 3 is shown as a black dashed line. Panels B
/

(𝛹% = 0) , D (𝛹$ = 0) and F v0 < ! ≤ 1w , show, respectively, the % difference defined as
/
"

[I* (/" ,/
conducting
particle
and ion. The black dashed line in each panel denotes 𝜂2 (𝛹$ , 𝛹% ) calculated
! )]G
~1 − [I (/
‚ % between the numerically computed continuum
enhancement factor
,/ )]
*

"

! +,.#

using the analytical expression for a spherical particle (eq. 3) – in panel C, the dashed line
[𝜂2 (𝛹$ , 𝛹% )]z and the analytically computed continuum enhancement [𝜂2 (𝛹$ , 𝛹% )]CO.- .
/
corresponds to 𝛹% = 0 as the curves for different values of / ! produce 𝜂2 (𝛹$ , 𝛹% ) ≅
"
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𝜂2 (𝛹$ , 𝛹% = 0). Panels B, D, F show, respectively, the % difference defined as
[I* (/" ,/! )]G

~1 − [I

* (/" ,/! )]+,.#

‚ % between 𝜂2 (𝛹$ , 𝛹% ) calculated using the simulation methodology of R.

Gopalakrishnan, T. Thajudeen, et al. (2013) denoted by [𝜂2 (𝛹$ , 𝛹% )]z , and that calculated using
eq. 3 denoted as [𝜂2 (𝛹$ , 𝛹% )]CO.- . Reference lines at ±10%, ±20% are also included to show
that eq. 3 accurately describes 𝜂2 (𝛹$ , 𝛹% ) nominally within ±10% for the shapes described in
/

Table 3.3-A for 0 < 𝛹$ ≤ 60, 0 ≤ / ! ≤ 1. Due to prohibitive computational expense of
"

carrying out [𝜂2 (𝛹$ , 𝛹% )]z calculations for aggregates with 𝑁 > 20, we used an alternate
approach of solving the steady state drift-diffusion equation to calculate the ion flux onto a nonspherical particle to calculate 𝜂2 (𝛹$ , 𝛹% ):
0 = −∇ ∙ (−𝐷. ∇𝑛. − 𝑛. 𝜇. ∇𝜑) … (4𝑎)
Eq. 4a is solved using the commercial package COMSOL® subject to the boundary conditions
that 𝑛. (𝑟 → ∞) = 𝑛.? far away from the non-spherical particle and that the ion concentration on
the surface of the particle is zero (𝑛. |& = 0). The coordinates of the primary spheres that
constitute the aggregate shapes listed in Table 3.3-B and the charge distribution among the
primary spheres, calculated using the potential energy minimization procedure described in R.
Gopalakrishnan, T. Thajudeen, et al. (2013), is used to calculate the non-spherical particle-ion
potential 𝜑(𝑟) – the image potential was not included (𝛹% = 0). The ion concentration profile
around the particle is used to evaluate the continuum enhancement factor 𝜂2 (𝛹$ , 𝛹% = 0):
𝜂2 (𝛹$ , 𝛹% = 0) =

−𝐷. ∇𝑛. |&
… (4𝑏)
4𝜋𝐷. 𝑅1
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Figure 3.2 presents [𝜂2 (𝛹$ , 𝛹% = 0)]zXkLXM in the range of 0 < 𝛹$ ≤ 60, 𝛹% = 0 for the pointcontact aggregate shapes listed in Table 2.3-B with 20 < 𝑁 ≤ 100. The black dashed line is
[𝜂2 (𝛹$ , 𝛹% = 0)]CO.- and agrees with [𝜂2 (𝛹$ , 𝛹% = 0)]zXkLXM within round-off error < 0.01%,
showing the equivalence of the analytic approach (eq. 3), the trajectory simulation approach of
R. Gopalakrishnan, T. Thajudeen, et al. (2013) and the solutions to the ion drift-diffusion
equation of continuum mass transport (eq. 4).

Figure 3.2: Calculations of the continuum enhancement factor 𝜂2 (𝛹$ , 𝛹% ) for different test shapes listed
in Table 3.3-B for cases of pure Coulomb interaction between the particle and ion (𝛹% = 0) plotted as a
function of 𝛹$ . The analytically computed 𝜂2 using eq. 3 is shown as a black dashed line.

In the free molecular regime of ion transport, characterized by the ion mean persistence path
being much larger than the particle size, 𝛽. is calculated using kinetic theory as (Allen, 1992;
Mott-Smith & Langmuir, 1926; Vincenti & Kruger, 1975):
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𝛽. = 𝑐̅𝑃𝐴𝜂G (𝛹$ , 𝛹% ) … (5)
E@% A& (/,

𝑐̅ = v

F3'

w

is the mean thermal speed of the ions and 𝑃𝐴 is the orientation-averaged

projected area of the particle. Analogous to 𝜂2 (𝛹$ , 𝛹% ), 𝜂G (𝛹$ , 𝛹% ) is the enhancement in the
particle-ion hard-sphere collision cross-section 𝑃𝐴. For a spherical particle, 𝑃𝐴 = 𝜋𝑎&, and
𝜂G (𝛹$ , 𝛹% ) for combined attractive or repulsive Coulomb-image potential interactions is
calculated as (Allen, 1992; Mott-Smith & Langmuir, 1926; Ouyang et al., 2012b):

𝜂G =

⎧
⎪

uP?

exp(𝛹$ ) , 𝛹$ ≤ 0, 𝛹% = 0
1 + 𝛹$ , 𝛹$ ≥ 0, 𝛹% = 0

⎨ q 2𝑣 - exp(−𝑣 , ) [𝑏 (𝑣, 𝛹 , 𝛹 )], 𝑑𝑣 , 𝛹 ≠ 0
2
$
%
%
⎪
⎩uPQ

… (6)

3

𝑣 is the non-dimensional speed of the ion, normalized by

,@ A $
v 3% &w ,
'

and 𝑏2 is the dimensionless

critical radial impact parameter (normalized by particle radius 𝑎& ) defined as the minimum value
of the radial impact parameter for a given set of 𝑣, 𝛹$ , 𝛹% values for which particle-ion collisions
occur, described in detail elsewhere (R. Gopalakrishnan, T. Thajudeen, et al., 2013; Ouyang et
al., 2012b). Using trajectory simulations that track ion motion in vacuum (𝑝9 = 0) by neglecting
the thermal diffusion and drag force on ions (−𝑓. 𝑣⃗. = 0), R. Gopalakrishnan, T. Thajudeen, et
al. (2013), as described in the Supplemental Information section of that paper, show that
𝜂G (𝛹$ , 𝛹% ) for non-spherical particles is accurately described by eq. 6 for repulsive Coulomb
(𝛹$ < 0) and attractive image (𝛹% ≤ |𝛹$ |) potential interactions. Figure 3.3 presents
𝜂G (𝛹$ , 𝛹% ), calculated using the same methodology for non-spherical particle shapes (point
contact aggregates with number of primary particles 𝑁 ≤ 20 listed in Table 3.3-A along with
symbols used for plotting), as discrete data points. Similar to Figure 3.1, panels A, C, E of Figure
3.3 show, respectively, the cases of pure Coulomb (𝛹% = 0, charged perfectly non-conducting
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particle and ion), pure image (𝛹$ = 0, uncharged conducting particle and ion) and combined
/

attractive Coulomb-image potential interactions v0 < / ! ≤ 1w between unlike charged
"

conducting particle and ion. The black dashed line in each panel denotes 𝜂G (𝛹$ , 𝛹% ) calculated
using the analytical expression for a spherical particle of eq. 6 – in panel C, the black dashed line
corresponds to 𝛹% = 0 and the dashed lines of various colors (legend is not included) are
/

𝜂G (𝛹$ , 𝛹% ) curves for 0.1 ≤ / ! ≤ 1. Panels B, D, F show, respectively, the % difference defined
"

{I) (/" ,/! )|

as x1 − {I

G

) (/" ,/! )|+,.#

y % between 𝜂G (𝛹$ , 𝛹% ) calculated using the methodology of R.

Gopalakrishnan, T. Thajudeen, et al. (2013) denoted as ¿𝜂G (𝛹$ , 𝛹% )Àz , and that calculated using
eq. 6 denoted as ¿𝜂G (𝛹$ , 𝛹% )ÀCO.0 . Reference lines at ±10%, ±20% are also included to show
that eq. 6 accurately describes 𝜂G (𝛹$ , 𝛹% ) nominally within ±10% for the shapes described in
/

Table 3.3-A for 0 < 𝛹$ ≤ 60, 0 ≤ / ! ≤ 1. Due to prohibitive computational expense of
"

carrying out ¿𝜂G (𝛹$ , 𝛹% )Àz , calculations for aggregates with 𝑁 > 20, we did not carry out
simulations with the more complex aggregates listed in Table 3.3-B. Eq. 2 and eq. 5 represent the
continuum and free molecular limits of 𝛽. with 𝑅1 and 𝑃𝐴, respectively, as the corresponding
length scale descriptors of particle shape. As mentioned in the Introduction, 𝑅1 , 𝑃𝐴 can be
evaluated using efficient algorithms (Gopalakrishnan et al., 2011b; Pease et al., 2011; Pease et
al., 2010; Shvartsburg et al., 2007; T. Thajudeen et al., 2012) for any given shape or from prior
regressions for aggregates (T. Thajudeen et al., 2012) and cylinders (Hansen, 2004). The
enhancement factors 𝜂2 (𝛹$ , 𝛹% ) and 𝜂G (𝛹$ , 𝛹% ) for any particle shape is described by the
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analytic expressions for spherical shape, eq. 3 and eq. 6 respectively, with 𝛹$ , 𝛹% defined by eq.
1.

Figure 3.3: Calculations of the free molecular enhancement factor 𝜂G (𝛹$ , 𝛹% ) for different test shapes
listed in Table 3.3-A for cases of A) pure Coulomb interaction between the particle and ion (𝛹% = 0)
plotted as a function of 𝛹$ ; C) pure image interaction (𝛹$ = 0) plotted as a function of 𝛹% ; and E)
/

combined Coulomb-image potential interaction v0 < / ! ≤ 1w plotted as a function of 𝛹$ . In panels A,
"

C and E, the analytically computed 𝜂G using eq. 6 is shown as a black dashed line. Panel E also displays
/

the analytically computed 𝜂G curves using eq. 6 for 0 < / ! ≤ 1 without individual labels. Panels B
"

/

(𝛹% = 0) , D (𝛹$ = 0) and F v0 < ! ≤ 1w , show, respectively, the % difference defined as
/
"

{I) (/" ,/! )|

x1 − {I (/ ,/ )| G y % between the numerically computed continuum enhancement factor
" ! +,.I
)
Following
R. Gopalakrishnan, T. Thajudeen, et al. (2013), scaling the collision kernel 𝛽. using
3
¿𝜂G (𝛹$ , 𝛹% )Àz and the analytically,computed
continuum enhancement ¿𝜂G (𝛹$ , 𝛹% )ÀCO.5 .
#
W}I)
(
3
the length scale 𝐿K = ~v F w ~ I ‚ and the ion relaxation time G ' as a reference timescale,
H *

'

yields a non-dimensional collision kernel 𝐻:
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𝐻=
Likewise, 𝐿•_ =

W}I)
~H I*

𝛽. 𝑚.
… (7𝑎)
𝑓. 𝐿-K

, derived as the ratio of the effective free molecular particle-ion collision

cross section 𝑃𝐴𝜂G and continuum diffusion radius 𝑅1 𝜂2 , is used to non-dimensionalize the ion
thermal energy 𝑘> 𝑇9 to derive the diffusive Knudsen number 𝐾𝑛# as:
𝐾𝑛# =
J3' @% A&
G'

{𝑚. 𝑘> 𝑇9
… (7𝑏)
𝑓. 𝐿•_

is the ion mean persistence path describing ion transport length scale, and is compared to

the particle length scale 𝐿•_ to establish the diffusional transport regime of ions from free
molecular to continuum transport. Eq. 2 and eq. 5 are scaled using the definitions of eq. 7 to
yield the continuum (𝐾𝑛# → 0) and free molecular (𝐾𝑛# → ∞) limits, respectively:
𝐾𝑛# → 0: 𝐻 = 4𝜋𝐾𝑛#, … (8𝑎)
𝐾𝑛# → ∞: 𝐻 = √8𝜋𝐾𝑛# … (8𝑏)
A model for 𝐻 or non-dimensional 𝛽. valid for particles of arbitrary shape, as a function of
𝐾𝑛# , 𝛹$ , 𝛹% for the entire 0 < 𝐾𝑛# < ∞ regime was derived by R. Gopalakrishnan, T.
Thajudeen, et al. (2013) for repulsive Coulomb-image interactions (−∞ < 𝛹$ ≤ 0, 𝛹% ≤ |𝛹$ |):
4𝜋𝐾𝑛#, + 25.836𝐾𝑛#- + √8𝜋𝐾𝑛# (11.211𝐾𝑛#- )
𝐻(𝐾𝑛# , 𝛹$ , 𝛹% ) =
… (9)
1 + 3.502𝐾𝑛# + 7.211𝐾𝑛#, + 11.211𝐾𝑛#Eq. 9 converges to the limits defined by eq. 8a and 8b, respectively, as 𝐾𝑛# → 0 and 𝐾𝑛# → ∞.
In prior work, eq. 9 has been shown to be valid to describe the hard sphere (𝛹$ = 𝛹% = 0)
collisions between a spherical (Gopalakrishnan & Hogan, 2011b) or arbitrary shaped
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(Gopalakrishnan et al., 2011b) particle and a point mass as well as between two arbitrary shaped
particles (T. Thajudeen et al., 2012), the repulsive Coulomb potential (−∞ < 𝛹$ ≤ 0, 𝛹% = 0)

Figure 3.4: Calculations of the non-dimensional collision kernel 𝐻(𝐾𝑛# , 𝛹$ , 𝛹% ) for different test
shapes listed in Table 3.3-A and -B for cases of pure image interaction (𝛹$ = 0) plotted as a function
of the diffusive Knudsen number 𝐾𝑛# for A) 𝛹% = 25; C) 𝛹% = 45; and E) 𝛹% = 60. In panels A, C
and E, the continuum limit (eq. 8a) and free molecular limit (eq. 8b) of 𝐻 is shown using light black
dashed lines with labels. Also shown using dark black dashed line is eq. 9, a model for
𝐻(𝐾𝑛# , 𝛹$ , 𝛹% ) that is valid for hard sphere and short-range potential (such as image) interactions.
Panels B (𝛹% = 25), D (𝛹% = 45) and F (𝛹% = 60), show, respectively, the % difference defined as
[K(•_ ,/ ,/ )]

~1 − [K(•_ 0,/ ",/ !)] /0 ‚ % between the numerically computed continuum enhancement factor
0 " ! +,.J
mediated collisions
between a like charged particle-ion or particle-particle (R. Gopalakrishnan &
[𝐻(𝐾𝑛
[𝐻(𝐾𝑛
computed
continuum
enhancement
𝛹% )]CO.q .
C. J. Hogan,
2012),
alsoanalytically
describes the
image potential
interaction
between
a neutral
# , 𝛹$ , 𝛹
% )]M# and the
# , 𝛹$ ,particle
and an ion (𝛹$ = 0, 𝛹% ) when the enhancement factors 𝜂2 (𝛹$ = 0, 𝛹% ), 𝜂G (𝛹$ = 0, 𝛹% ) are
calculated appropriately (Ouyang et al., 2012b). Thus, for describing the unipolar (like charged
particle and ion collision of either polarity) and neutral particle-ion interactions for any particle
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shape, eq. 8 may be used to calculate 𝐻 or 𝛽. as a function of 𝐾𝑛# , 𝛹$ , 𝛹% using particle and ion
properties along with gas pressure and temperature in eq. 1 and eq. 7.
Li Li et al. (2020) analyzed attractive Coulomb-image potential influenced collisions between
/

spherical particles and ions for 0 < 𝛹$ ≤ 60, 0 ≤ / ! ≤ 1, 0 < 𝐾𝑛# ≤ 2000. By parameterizing
"

the particle-ion collision time distributions calculated using LD, they derived 𝐻(𝐾𝑛# , 𝛹$ , 𝛹% ) as:
𝐻(𝐾𝑛# , 𝛹$ , 𝛹% ) = 𝑒 N 𝐻KL (𝐾𝑛# ) … (10𝑎)
z

𝜇(𝐾𝑛# , 𝛹$ , 𝛹% ) = } v1 +

3

€• •_0 '> 'K'(
𝑘
w
}

3

exp x− v1 +

€• •_0 '> 'K
𝑘
w y,𝑘
}

≠ 0 … (10𝑏)

Regression fits to calculate 𝐴, 𝐵, 𝐶, 𝑘 as a function of 𝛹$ , 𝛹% developed by Li Li et al. (2020) are
repeated with permission in Table A.1. It was shown that the LD-based model (eq. 10a and eq.
10b, collectively referred to as eq. 10 hereon) describes 𝐻 to within nominally ±10% for
instances of spherical particle-ion collisions where both Coulombic and image forces are
significant. In total, eq. 9 and eq. 10 may be used to calculate 𝛽. ’s required to calculate the
complete bipolar charge distributions (with like charged and unlike charged particle-ion
collisions) or unipolar charge distributions (with only like charged particle-ion collisions) for
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Figure 3.5: Calculations of the non-dimensional collision kernel 𝐻(𝐾𝑛# , 𝛹$ , 𝛹% ) for different test
shapes listed in Table 3.3-A and -B for cases of combined Coulomb and image interaction
/

/

v0 < / ! ≤ 1w plotted as a function of the diffusive Knudsen number 𝐾𝑛# for 𝛹$ = 60 and A) / ! =
"

/

"

/

0; C) / ! = 0.5; and E) / ! = 1. In panels A, C and E, the continuum limit (eq. 8a) and free molecular
"

"

limit (eq. 8b) of 𝐻 is shown using light black dashed lines with labels. Also shown using dark black
dashed line is eq. 10, a model for 𝐻(𝐾𝑛# , 𝛹$ , 𝛹% ) valid for combined attractive Coulomb-image
/

/

/

potential interactions. Panels B v/ ! = 0w, D v/ ! = 0.5w and F v/ ! = 1w, show, respectively, the %
"

"

"

[K(•_0 ,/" ,/! )]/0
spherical and
non-spherical
particles,
pending‚ %
verification
applicabilitycomputed
of eq. 10 for
difference
defined
as ~1 − [K(•_
between of
thethenumerically
continuum
0 ,/" ,/! )]+,.35

attractive Coulomb-image collisions between non-spherical particles and ions.
enhancement factor [𝐻(𝐾𝑛# , 𝛹$ , 𝛹% )]M# and the analytically computed continuum enhancement
Using the LD simulation methodology to calculate 𝐻(𝐾𝑛# , 𝛹$ , 𝛹% ) described in the
[𝐻(𝐾𝑛# , 𝛹$ , 𝛹% )]CO.(Q .
Supplemental Information of R. Gopalakrishnan, T. Thajudeen, et al. (2013), we carried out
simulations for the particle shapes listed in Table 3.3-A and Table 3.3-B. Firstly, for the case of
an uncharged particle and ion (𝛹$ = 0), Figure 3.4 displays 𝐻(𝐾𝑛# , 𝛹$ = 0, 𝛹% ) for 0.01 ≤
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𝐾𝑛# ≤ 2000 and 𝛹% = 25 (panel A), 𝛹% = 45 (panel C) and 𝛹% = 60 (panel E). In each panel,
the continuum (𝐾𝑛# → 0) and free molecular limits (𝐾𝑛# → ∞) defined by eq. 8a and 8b,
respectively, are shown. A black dashed line is used to show the predictions of eq. 9 for each 𝛹% .
Panels B (𝛹% = 25), D (𝛹% = 45), F (𝛹% = 60) show the % difference between the predictions
of eq. 9, denoted by [𝐻(𝐾𝑛# , 𝛹$ , 𝛹% )]CO.q , and the LD-computed 𝐻, denoted by
[𝐻(𝐾𝑛# , 𝛹$ , 𝛹% )]M# , defined as ~1 −

[K(•_0 ,/" ,/! )]/0
[K(•_0 ,/" ,/! )]+,.J

‚ %, is no more than ±20% for all the

shapes considered, with the symmetric scatter about 0 attributed to statistical variation associated
with LD methodology (Gopalakrishnan & Hogan, 2011b). The good agreement suggests that eq.
9 may be used to calculate 𝛽. for uncharged particle-ion collisions, across the entire 𝐾𝑛# regime.
/

/

/

displays 𝐻(𝐾𝑛# , 𝛹$ , 𝛹% ) for 𝛹$ = 60. Panels A v/ ! = 0w, C v/ ! = 0.5w and E v/ ! = 1.0w
"

"

"

show the effect of the combined attractive Coulomb-image potential interaction for 0.01 ≤
𝐾𝑛# ≤ 2000 for the shapes listed in Table 3.3-A and Table 3.3-B. At low and high 𝐾𝑛# ,
[𝐻(𝐾𝑛# , 𝛹$ , 𝛹% )]M# approaches the continuum (eq. 8a) and free molecular (eq. 8b) limits,
respectively. Also shown in each plot as a black dashed line is the 𝛽. model predictions by eq.
[K(•_0 ,/" ,/! )]/0

10. The corresponding % difference, defined as ~1 − [K(•_
/

/

0 ,/" ,/! )]+,.35

‚ %, is plotted in panels B

/

v/ ! = 0w, D v/ ! = 0.5w and F v/ ! = 1.0w with reference lines at ±10%, ±20%. Similarly,
"

"

"

Figures B.1 and B.2 show 𝐻(𝐾𝑛# , 𝛹$ , 𝛹% ) for 𝛹$ = 30 and 𝛹$ = 7, respectively. It is seen that
eq. 10 is a satisfactory model of 𝛽. to describe attractive Coulomb-image interactions between
non-spherical particles and point mass ions in the 0 < 𝐾𝑛# ≤ 2000 regime for potential energy
/

ratios 0 < 𝛹$ ≤ 60,0 ≤ / ! ≤ 1. Figures 4, 5, S2-A and S2-B, together show that 𝑅1 , 𝑃𝐴
"

describe non-spherical particle shape and allow the expression of the collision kernel 𝛽. in a non-
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dimensional, shape invariant form 𝐻(𝐾𝑛# , 𝛹$ , 𝛹% ). As a combination, eq. 9 and eq. 10, are valid
for any shape of particle, and for both attractive and repulsive Coulombic interactions while also
taking into account the image potential. It is now desirable to test the predictions of the same
against experimental data of diffusion charging of non-spherical particles. Bipolar diffusion
charging involves the calculation of collision kernels for both like charged and unlike charged
particle-ion collisions and serves as a test for both eq. 9 (unipolar kernel) and eq. 10 (bipolar
kernel).

Calculation of bipolar charge distributions for comparison: The steady state fraction 𝑓& of
particles, of known shape and dimensions, carrying 𝑝 charges exposed to a population of singly
charged positive and negative ions is calculated as (Adachi et al., 1985; Boisdron & Brock,
1970):
∑U$V
@P( 𝛽R*(,@' 𝜃@'
⎧∏RP'(
x
y
RP&
∑WXL
.P( 𝛽R,.* 𝜃.*
⎪
, 𝑝 ≤ −1
⎪
𝛴
⎪
1
𝑓& =
… (11𝑎)
,𝑝 = 0
𝛴
⎨
𝛽R'(,.* 𝜃.*
⎪ RP& ∑.PWXL
.P(
y
⎪ ∏RP( x U$V
∑@P( 𝛽R,@' 𝜃@'
⎪
,𝑝 ≥ 1
⎩
𝛴
&P'(

RP'(

&P?

RP&

&P'?

RP&

&P(

RP(

∑U$V
∑.PWXL
𝛽R'(,.* 𝜃.*
@P( 𝛽R*(,@' 𝜃@'
.P(
𝛴 = • “ Œ x WXL
y” + 1 + • “Œ x U$V
y” … (11𝑏)
∑.P( 𝛽R,.* 𝜃.*
∑@P( 𝛽R,@' 𝜃@'
Here, 𝛽&,.± is the collision kernel between a particle carrying 𝑝 charges and the 𝑖 YZ type of ± ion
out of 𝑃𝑂𝑆 and 𝑁𝐸𝐺 number of distinct types. It has been common to assume a single kind of
positive and negative ion each of average mass and mobility derived empirical correlations
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(Mohnen, 1974; Vohra et al., 1969) to interpret measured charge fractions in prior experimental
work on spherical (Adachi et al., 1985; Adachi, Okuyama, Kousaka, et al., 1987) and nonspherical (Maricq, 2008; Wen et al., 1984b; Xiao et al., 2012) particles: 𝑃𝑂𝑆 = 𝑁𝐸𝐺 = 1 and
𝜃* = 𝜃' = 0.5 for comparing with measurements of 𝑓& . Using tandem ion mobility
spectrometry-mass spectrometry, recent reports (Gopalakrishnan et al., 2015a; R.
Gopalakrishnan, M. J. Meredith, et al., 2013; Y. Liu et al., 2020; Maißer et al., 2015) of the mass
and mobility distribution and chemical composition of positive and negative ions involved in the
diffusion charging of aerosol particles can be easily incorporated into eq. 11, wherever such data
is available. ∑WXL
.P( 𝛽R,.* 𝜃.* represents the concentration-weighted contribution of each type of
positive ion to the total charging rate: 𝑅&→&*( = 𝑛& 𝑛 A* ∑WXL
.P( 𝛽R,.* 𝜃.* . Likewise, 𝑅&→&'( =
𝑛& 𝑛 A' ∑U$V
@P( 𝛽R,@' 𝜃@' capturing the decrease in particle charge due to collisions between
particles and all of the 𝑁𝐸𝐺 types of negative ions. The bipolar charge fractions 𝑓& obtained via
eq. 11 are used for evaluating the 𝛽. models of eq. 9 and eq. 10. Li Li et al. (2020) compared the
charge distributions calculated using eq. 9 and eq. 10 in eq. 11 for spherical particles and found
excellent agreement (within ±20%) with experimental data for both unipolar (Adachi et al.,
1985; Adachi, Okuyama, Kousaka, et al., 1987) and bipolar (Adachi et al., 1985; Gopalakrishnan
et al., 2015a) diffusion charging. As indicated in Table 3.1-B and in the Introduction, we elect to
compare bipolar charge distribution predictions (using eq. 11 with eq. 9 and 10) against the
experiments of Wiedensohler and Fissan (1991): 5 – 100 nm spherical silver and NaCl particles
in air, nitrogen and argon, Johnson et al. (2020): 46 – 598 nm spherical bis(2-ethylhexyl)
sebacate (DOS) particles in air, Wen et al. (1984b): iron oxide linear chain aggregates with
primary particle diameters 41 – 81 nm and chains of 8 – 700 primary spheres, Maricq (2008): 10
– 400 nm mobility diameter diesel soot fractal aggregates with 𝐷G ~1.9 − 2.0, Xiao et al. (2012):
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50 – 200 nm silver spheres and 50 – 350 nm mobility diameter aggregates, and 50 – 300 nm
mobility diameter soot aggregates of fractal dimension 𝐷G ~1.75, and Gopalakrishnan et al.
(2015a): cylindrical gold particles of length to diameter ratios 2 – 15 in ultra-high purity (UHP)
air. The charge fraction 𝑓& reported by these experimental studies, with the exception of Wen et
al. (1984b), are compared directly with model predictions obtained via eq. 11 with eq. 9 and eq.
10 for 𝛽. . Appendix-B summarizes the ion properties used for calculating theoretical
expectations of bipolar charge fractions – these inputs are either the same values used by the
original authors to analyze their experimental data or (in the case of Johnson et al. (2020)) those
that match the experimental conditions closely and are reasonable estimates of the ion properties.
In all of our comparisons except for the dataset of Johnson et al. (2020), the total concentration
of positive and negative charge carriers is assumed to be equal: 𝑛 A* = 𝑛 A' . For Johnson et al.
_

(2020), _L4 ≅ 1.2 as shown in Table B.1-B. The details of particle length scales 𝑅1 and 𝑃𝐴
L2

calculations for the aggregate charging data of Maricq (2008) and Xiao et al. (2012), and for the
cylinders charging data of Gopalakrishnan et al. (2015a) are presented in Appendix-B. Wen et
al. (1984b) report their measured bipolar charge distributions as mean particle charge 〈𝑝〉 as a
function of the electrical mobility classification voltage (1 − 10 𝑘𝑉) applied in the experimental
runs. The steps to calculate 〈𝑝〉 by considering the convolution of the aerosol particle charge
distribution 𝑓& (eq. 11 with 𝛽. given by eq. 9 and eq. 10) and the DMA transfer function
(Knutson & Whitby, 1975; Stolzenburg & McMurry, 2008) are described in Appendix-B. In the
next section, we discuss the comparisons with experiment and assess the accuracy of the LDbased 𝛽. model of eq. 9 and eq. 10.
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3.3 Results and Discussion
1.

Comparison with bipolar charging data for spherical particles

Figure 3.6 : Calculations of the bipolar charge distribution for experimental data reported by
Wiedensohler and Fissan (1991) Aerosol Sci. Tech. 14(3): 358 – 364 for 5 – 100 𝑛𝑚 spherical silver
and NaCl particles in air. The ion properties used for model calculations using eq. 11 with the LDbased 𝛽. (eq. 9 and eq. 10) for set 1 and set 2 are tabulated in Table B.1. Panel A (“set 1”) and panel
D (“set 2”) show singly charged fraction of positive polarity (red filled triangles for experimental
data and red dashed lines for model predictions) and negative polarity (blue filled triangles for
experimental data and blue dashed lines for model predictions). Similarly, panel B (“set 1”) and
panel E (“set 2”) show doubly charged fraction of positive polarity (dark pink squares for
experimental data and dark pink dashed lines for model predictions) and negative polarity (dark
green squares for experimental data and dark green dashed lines for model predictions). Panel C
+,.33

(“set 1”) and panel F (“set 2”) show the % difference, defined as ~1 −

G(

+:(

G(

‚ %, between

experimental data and model predictions for both singly and doubly charged fraction of particles.
Reference lines at ±10%, ±20% are shown. In all model calculations, the particles are assumed be
conducting (𝜀= → ∞) in the comparisons presented in Figures 3.8 – 18.
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Figure 3.7: Calculations of the bipolar charge distribution for experimental data reported by
Wiedensohler and Fissan (1991) Aerosol Sci. Tech. 14(3): 358 – 364 for 5 – 100 𝑛𝑚 spherical
silver and NaCl particles in nitrogen. The ion properties used for model calculations using eq. 11
with the LD-based 𝛽. (eq. 9 and eq. 10) for set 1 and set 2 are tabulated in Table B.1. Panel A
(“set 1”) and panel D (“set 2”) show singly charged fraction of positive polarity (red filled
triangles for experimental data and red dashed lines for model predictions) and negative polarity
(blue filled triangles for experimental data and blue dashed lines for model predictions). Similarly,
panel B (“set 1”) and panel E (“set 2”) show doubly charged fraction of positive polarity (dark
pink filled squares for experimental data and dark pink dashed lines for model predictions) and
negative polarity (dark green filled squares for experimental data and dark green
dashed lines for model predictions). Panel C (set 1) and panel F (set 2) show the % difference with
the same definition as in Figure 3.6.
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In addition to the comparisons done by Li Li et al. (2020), we present comparisons that further
establish the validity of the LD-based 𝛽. model (eq. 9 and eq. 10) for spherical particles. Figure
3.6 presents experimental data and theoretical predictions, for the dataset reported by
Wiedensohler and Fissan (1991) for spherical 5 – 100 nm silver and NaCl particles in air. The
theoretical predictions are calculated using two sets of ion properties extracted from the original
work (Wiedensohler & Fissan, 1991) – set 1 and set 2, listed in Table B.1. The calculated singly
charged fractions (panel A-set 1 and panel D-set 2) of both positive polarity (red dashed line) and

Figure 3.8: Calculations of the bipolar charge distribution for experimental data reported by
Wiedensohler and Fissan (1991) Aerosol Sci. Tech. 14(3): 358 – 364 for 5 – 100 𝑛𝑚 spherical
silver and NaCl particles in argon. The ion properties used for model calculations using eq. 11
with the LD-based 𝛽. (eq. 9 and eq. 10) are tabulated in Table B.1. Panel A shows singly charged
fraction of positive polarity (red filled triangles for experimental data and red dashed lines for
model predictions) and negative polarity (blue filled triangles for experimental data and blue
dashed lines for model predictions). Similarly, panel B shows doubly charged fraction of positive
polarity (dark pink filled squares for experimental data and dark pink dashed lines for model
predictions) and negative polarity (dark green filled squares for experimental data and dark
green dashed lines for model predictions). Panel C shows the % difference with the same
definition as in Figure 3.6
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negative polarity (blue dashed line) and the corresponding doubly charged fractions (panel B-set
1, panel E-set 2; pink dashed line for positive polarity and green dashed line for negative
polarity) follow the experimental data (symbols of the same color as the corresponding
predictions) closely. Panels C and F show the % difference between the predictions and the
+,.33

experimental data calculated as ~1 −

G(

+:(

G(

‚ % for 𝑝 = ±1, ±2 – this definition of % difference

is used for the remainder of this article. The reference lines at ±10%, ±20% clearly show that
most of the data points fall within ±10%, indicating excellent agreement of predictions with
experiments. Also, notable is the unbiased and symmetric spread of the % difference about 0 that
shows that the LD-based 𝛽. model is accurate to within the statistical uncertainty associated with
the LD simulation methodology (Gopalakrishnan & Hogan, 2011b). Figure 3.7 shows a similar
comparison for charging data (Wiedensohler & Fissan, 1991) in nitrogen (with similar layout to
Figure 3.6 for singly and doubly charged fractions using two sets of ion properties: set 1 and set
2, also listed in Table B.1-A) with the % difference in this case being higher than in the case of
charging in air. The predictions qualitatively capture the experimental trend satisfactorily,
with % differences evenly spread about 0 and up to ~ ± 35% with the experimental data, again
pointing to unbiased predictions by the LD-based 𝛽. model. Lastly, Figure 3.8 plots predictions
and experimental data (Wiedensohler & Fissan, 1991) for charging in argon (ion properties
tabulated in Table B.1-A) and shows excellent agreement, nominally within ±10%. Figure 3.9
presents a comparison of the measured neutral fraction and predictions (two sets of ion properties
were used for model calculations as noted in Table B.1-D) for 50 – 200 nm spherical silver
particles, reported by Xiao et al. (2012). For this dataset, the predictions of the LD-based 𝛽.
model are within ~ ± 5%, showing excellent agreement and accuracy of the model. In bipolar
charging experiments, the neutral fraction is measured with a low level of uncertainty relative to
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the measurement of higher charge fractions – this is due to the fact that for sub-200 nm particles,
the fraction of charged particles is low to begin with and acquiring sufficient particle counts of
higher charge states is often limited by the concentration output of the nanoparticle generation
technique used. This leads to a corresponding higher uncertainty on the measured fractions of
higher charged states. Considering this practical difficulty, we note that for neutral fraction (with

Figure 3.9 : Calculations of the bipolar charge distribution for experimental data reported by Xiao et
al. (2012) Aerosol Sci. Tech. 46(7): 764 – 803 for 50 – 200 𝑛𝑚 spherical silver particles in air. The
ion properties used for model calculations using eq. 11 with the LD-based 𝛽. (eq. 9 and eq. 10) for
“Mohnen” and “Xiao” are tabulated in Table B.1-D. Panel A (“Mohnen”) and panel B (“Xiao”) show
neutral fraction (black filled circles for experimental data and black dashed line for model predictions).
Panel C (“Mohnen”) and panel D (“Xiao”) show the % difference with the same definition as in Figure
3.6.
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low uncertainty), our predictions nearly exactly match the data. For higher order charge
fractions, the agreement is satisfactory and without any bias.
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Figure 3.10 : Calculations of the bipolar charge distribution for experimental data reported by
Johnson et al. (2020) J. Aerosol Sci. 143: 105526 for 46 – 159 𝑛𝑚 spherical DOS particles in
air. The ion properties used for model calculations using eq. 11 with the LD-based 𝛽. (eq. 9 and
eq. 10) are tabulated in Table B.1-B. The fraction of particles carrying 𝑝 charges is plotted as
a function of 𝑝 for A) 𝑑& = 46 𝑛𝑚, C) 𝑑& = 85 𝑛𝑚, and E) 𝑑& = 159 𝑛𝑚. The experimental
data is shown using blue filled circles and the model predictions are shown using red filled
triangles connected by straight lines in black. Panel B (“𝑑& = 46 𝑛𝑚”), panel D (“𝑑& =
85 𝑛𝑚”) and panel F (“𝑑& = 159 𝑛𝑚”) show the % difference with the same definition as in
Figure 3.6.

Figure 3.11: Calculations of the bipolar charge distribution for experimental data reported by
Johnson et al. (2020) J. Aerosol Sci. 143: 105526 for 228 – 598 𝑛𝑚 spherical DOS particles
in air. The ion properties used for model calculations using eq. 11 with the LD-based 𝛽. (eq. 9
and eq. 10) are tabulated in Table B.1-B. The fraction of particles carrying 𝑝 charges is plotted
as a function of 𝑝 for A) 𝑑& = 228 𝑛𝑚, C) 𝑑& = 385 𝑛𝑚, and E) 𝑑& = 598 𝑛𝑚. The
experimental data is shown using blue filled circles and the model predictions are shown using
red filled triangles connected by straight lines in black. Panel B (“𝑑& = 228 𝑛𝑚”), panel D
(“𝑑& = 385 𝑛𝑚”) and panel F (“𝑑& = 598 𝑛𝑚”) show the % difference with the same
definition as in Figure 3.6.
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Recently, Johnson et al. (2020) developed a tandem technique that uses an aerodynamic aerosol
classifier (AAC) coupled to a differential mobility analyzer (DMA) to measure the fraction of
charge states up to ±6 for aerosol nanoparticles. Figure 3.10 (46 nm data set: panels A, B; 85
nm: panels C, D; 159 nm: panels E, F) and (228 nm data set: panel A presenting the data and
predictions, panel B showing the corresponding % difference; 358 nm data set: panels C, D; 598
nm data set: panels E, F) present the fraction of charge particles 𝑓& for 𝑝 = −5 to 𝑝 = 5 for 46 –
598 nm spherical DOS particles (except for 598 nm particles for whom 𝑝 = ±6 is also plotted).
The ion properties used for model calculations, calculated using the ion mobility measurements
reported by Leppä, Mui, Grantz, and Flagan (2017), are described and tabulated in Table B.1-B.
The lower charge states (𝑝 = −2, −1,0, +1, +2) and charge states up to 𝑝 = ±5 in most cases
are well described by the LD-based 𝛽. model to within ±10%. For 358 and 598 nm particles
(panels C, D and E, F, respectively, in ) show deviations beyond 20% for 𝑝 = 4,5,6 but show
excellent agreement for 𝑝 = −6, −5, −4. This one-sided deviation may be due to the high
uncertainty or low number concentration of these charge states during the experiments and
warrant further examination in future work. The collisions between particles with 𝑝 = 4 − 6 and
negative ions lead to 0.05 < 𝐾𝑛# < 0.12, 0.93 < 𝛹$ < 2.44, and between positive ions lead to
0.10 < 𝐾𝑛# < 0.35, −2.44 < 𝛹$ < −0.93, that are well within the range of the validity of eq.
10 (0 < 𝐾𝑛# ≤ 2000, 0 ≤ 𝛹$ ≤ 60). Further, we assume that DOS particles are perfectly
conducting in our analysis and find excellent agreement for the lower charge states (−1 ≤ 𝑝 ≤
1) for which the effect of material is expected to be most important (collision between a neutral
particle and ion). Hence, it is reasonable to attribute the differences seen for the higher order
positive charge fractions (4 ≤ 𝑝 ≤ 6) for 358 and 458 nm data sets to possible experimental
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issues and construe the excellent agreement for −6 ≤ 𝑝 ≤ −4 as evidence for robust behavior of
the LD- based 𝛽. model.
Lastly, Figure 3.12 (panels I – L) present charge fractions (𝑓( : panel I, 𝑓, : panel J, 𝑓- : panel K)
for 10 – 400 nm poly (α-olefin) oligomer (PAO) oil droplets in air. Panel L that plots the %
difference between the predictions (made using ion properties listed in Sec. S3-E). It is seen that
most of the data points are within ±10% and the remaining are nominally within ±20%, further
vindicating the ability of the LD-based 𝛽. model in predicting the charging of spheres. Taken
together, Figure 3.8– 14 and the prior work of Li Li et al. (2020) show that the LD-based 𝛽.
model is accurate for the bipolar diffusion charging of 5 – 1000 nm spherical, conducting aerosol
particles, and the comparisons with experiments provide validation in the range of −46.4 <
𝛹$ < 46.4 and 0.09 < 𝐾𝑛# < 58.4 (see Table 3.4-A). Their extension to non-conducting (finite
𝜀= ) particles is a potential future investigation that will allow the examination of the effect of
particle material on diffusion charging. Their applicability for non-spherical, conducting particles
is next.
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Table 3.4-A: Estimates of nominal 𝛹$ (eq. 1a) and 𝐾𝑛# (eq. 7b) ranges for the experimental data
of the bipolar charging of spherical particles using average ion properties listed in Table B.1-F.
𝜳𝑬
Min
Max
−46.4 46.4

𝑲𝒏𝑫
Min Max
0.22 58.4

11
14
(panels I – L)
12
(panels A, B)
12
(panels C, D)
12
(panels E, F)
13
(panels A, B)
13
(panels C, D)
13
(panels E, F)

−4.52
−6.97

4.52
6.97

0.09
0.09

1.62
4.76

−12.1

12.1

0.39

3.92

−6.55

6.55

0.25

1.51

−3.50

3.50

0.16

0.59

−2.44

2.44

0.12

0.35

−1.56

1.56

0.09

0.19

−0.93

0.93

0.05

0.10

Table 3.5

−4.25

4.25

0.28

1.49

Reference

Figure #

Wiedensohler and Fissan (1991) (NaCl
and silver spheres)
Xiao et al. (2012) (silver spheres)
Maricq (2008) (PAO droplets)

8 – 10

Johnson et al. (2020) (DOS droplets
𝒅𝒑 = 𝟒𝟔 𝒏𝒎)
Johnson et al. (2020) (DOS droplets
𝒅𝒑 = 𝟖𝟓 𝒏𝒎)
Johnson et al. (2020) (DOS droplets
𝒅𝒑 = 𝟏𝟓𝟗 𝒏𝒎)
Johnson et al. (2020) (DOS droplets
𝒅𝒑 = 𝟐𝟐𝟖 𝒏𝒎)
Johnson et al. (2020) (DOS droplets
𝒅𝒑 = 𝟑𝟖𝟓 𝒏𝒎)
Johnson et al. (2020) (DOS droplets
𝒅𝒑 = 𝟓𝟗𝟖 𝒏𝒎)
Gopalakrishnan et al. (2015a) (gold
spheres 𝒅𝒑 = 𝟕𝟑 𝒏𝒎)
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2.

Comparison with bipolar charging data of quasi-fractal aggregates

Figure 3.12: Calculations of the bipolar charge distribution for experimental data reported by Matti (2008)
Aerosol Sci. Tech. 42(4): 247 – 254 for flame generated fractal aggregates (of fractal dimension
𝐷G ~2.0, 1.9 and primary particle diameter 𝑑& ~17 𝑛𝑚 ) and PAO spherical particles in air. The ion
properties used for model calculations using eq. 11 with the LD-based 𝛽. (eq. 9 and eq. 10) are tabulated
in Table B.1-E. Steps for calculation of length scales 𝑅1 and 𝑃𝐴 from measured quantities for the
aggregate charging data is described in Appendix-B. Panel A i𝐷G = 2.0, 𝑑& = 17 𝑛𝑚j , panel E
i𝐷G = 1.9, 𝑑& = 17 𝑛𝑚j, and panel I (PAO spherical particles) show singly charged fraction of positive
polarity (red filled triangles for experimental data and red dashed lines for model predictions) and negative
polarity (blue filled triangles for experimental data and blue dashed lines for model predictions).
Similarly, panel B i𝐷G = 2.0, 𝑑& = 17 𝑛𝑚j , panel F i𝐷G = 1.9, 𝑑& = 17 𝑛𝑚j , and panel J (PAO
spherical particles) show doubly charged fraction of positive polarity (dark pink filled squares for
100
experimental data and dark pink dashed lines for model predictions) and negative polarity (dark green
filled squares for experimental data and dark green dashed lines for model predictions). Lastly, panel D

Figure 3.13: Calculations of the bipolar charge distribution for experimental data reported by Xiao
et al. (2012) Aerosol Sci. Tech. 46(7): 764 – 803 for 50 – 200 𝑛𝑚 mobility diameter silver fractal
aggregate particles in air. The ion properties used for model calculations using eq. 11 with the LDbased 𝛽. (eq. 9 and eq. 10) for “Mohnen” and “Xiao” are tabulated in Table B.1-D. Steps for
calculation of length scales 𝑅1 and 𝑃𝐴 from measured quantities for the aggregate charging data is
described in Appendix-B. Panel A (“Mohnen”) and panel B (“Xiao”) show neutral fraction (black
Maricq (2008) reports singly, doubly and triply charged fractions of flame generated aggregates,
filled circles for experimental data and black dashed line for model predictions). Panel C
plotted in Figure 3.12, panels A – D for fractal dimension 𝐷G = 2.0 and panels E – H for 𝐷G =
(“Mohnen”) and panel D (“Xiao”) show the % difference with the same definition as in Figure 3.6.
1.9. The predictions of charge fractions, shown as dashed lines of various colors, follow the
experimental trend closely and differ by ~ ± 10% as can be seen from panel D and panel H for
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𝐷G = 2.0 and 𝐷G = 1.9, respectively. Along with ion properties listed in Table B.1 describes the
calculations of 𝑅1 , 𝑃𝐴 for aggregates from experimentally reported parameters: the electrical
mobility diameter 𝐷3C , mean primary particle diameter 𝑑& and fractal dimension 𝐷G inferred
from TEM measurements. Consistent with R. Gopalakrishnan, M. J. Meredith, et al. (2013), the
bipolar charging characteristics of aggregates with 𝐷G ~1.9, 2.0 resembles that of mobility
equivalent spheres. In other words, shapes that are low to moderately non-spherical do not differ
significantly from mobility equivalent spheres according to model predictions and this is
confirmed by similar fractions reported by Maricq’s experimental data plotted in panels A – C
(𝐷G = 2.0), panels E – G (𝐷G = 1.9), and panels I – K (spheres). Xiao et al. (2012) report
neutral fractions for silver aggregates (𝐷G = 1.78) that is compared against model predictions
using two sets of ion properties listed in Table B.1-D and using 𝑅1 , 𝑃𝐴 calculated as described in
Sec. S4. Similar to the data set of silver spheres in Figure 3.9, Figure 3.13 also shows excellent
agreement between the predicted and measured neutral fractions. Figure 3.14 presents
experimental data and predictions for singly and doubly charged fractions for diesel soot
aggregates (𝐷G = 1.75). It is seen that some predictions are nominally less than the measured
values by ~15 − 20%, unlike the other comparisons presented so far. In most cases, a deviation
less than 10%, however an unbiased spread about 0 is lacking in these datasets. Overall, the
model produces reasonable agreement for the datasets considered here across the range of
W}

𝐷G ~1.75 − 2.0 and 𝐷3C ~10 − 400 𝑛𝑚. The aggregates considered here have a F~$ , a measure
H

W}

of the degree of non-sphericity of a shape, in the range of 0.74 − 0.86: while F~$ = 1 represents
H

W}

a perfect sphere, F~$ → 0 represents an infinite cylinder that is highly non-spherical. The
H

comparisons described here highlight the need to acquire further experimental data for charging
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of low fractal dimension aggregates, preferably 𝐷G < 1.6 that would lead to highly non-spherical
W}

open structures F~$ ≪ 1. Such shapes are expected to charge significantly differently compared
H

to mobility equivalent spheres (R. Gopalakrishnan, M. J. Meredith, et al., 2013) and would
W}

provide further probing of the LD-based 𝛽. model at low F~$ for aggregates.
H
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Figure 3.14: Calculations of the bipolar charge distribution for experimental data reported by Xiao
et al. (2012) Aerosol Sci. Tech. 46(7): 764 – 803 for 50 – 200 𝑛𝑚 diesel soot fractal aggregate
particles in air. The ion properties used for model calculations using eq. 11 with the LD-based 𝛽.
(eq. 9 and eq. 10) for “Mohnen” and “Xiao” are tabulated in Table B.1-D. Steps for calculation of
length scales 𝑅1 and 𝑃𝐴 from measured quantities for the aggregate charging data is described
Appendix.B. Panel A (“Mohnen”) and panel B (“Xiao”) show singly charged fraction of positive
polarity (red filled triangles for experimental data and red dashed lines for model predictions) and
negative polarity (blue filled triangles for experimental data and blue dashed lines for model
predictions). Similarly, panel C (“Mohnen”) and panel D (“Xiao”) show doubly charged fraction of
positive polarity (dark pink filled squares for experimental data and dark pink dashed lines for model
predictions) and negative polarity (dark green filled squares for experimental data and dark green
dashed lines for model predictions). Panel C (“Mohnen”) and panel E (“Xiao”) show the %
difference with the same definition as in Figure 3.6.
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3.

Comparison with bipolar charging data of chain-like, cylindrical

particles

Figure 3.15: Calculations of the bipolar charge distribution for experimental data reported by Wen et
al. (1984) J. Aerosol Sci. 15(2): 103 – 122 for iron oxide linear chain particles of primary particle
diameter 𝑑& = 41 − 59 𝑛𝑚 in air. The ion properties used for model calculations using eq. 11 with the
LD-based 𝛽. (eq. 9 and eq. 10) are tabulated in Table B.1-F. The steps for calculation of length scales
𝑅1 and 𝑃𝐴 from measured quantities for the linear chain (cylinder) charging data is described in
Appendix-B. The steps for calculation of particle mean charge 〈𝑝〉 for comparison with the experimental
data is described in Appendix-B. 〈𝑝〉 is plotted as a function of DMA classification voltage for A) 𝑑& =
41 𝑛𝑚, C) 𝑑& = 51 𝑛𝑚, and E) 𝑑& = 59 𝑛𝑚. The experimental data is shown using black filled circles
and the model predictions are shown using the gray filled histogram. Panel B (“𝑑& = 41 𝑛𝑚”), panel
D (“𝑑& = 51 𝑛𝑚”) and panel F (“𝑑& = 59 𝑛𝑚”) show the % difference, defined as v1 −

〈&〉+,.33
〈&〉+:(

between experimental data and model predictions.

The bipolar charge distribution of straight chain iron oxide particles composed of spherical
primary particles, measured by Wen et al. (1984b), is presented as particle mean charge as a
function of the DMA classification voltage in Figure 3.15(data sets with primary particle
diameter 𝑑& = 41 𝑛𝑚, 51 𝑛𝑚, 59 𝑛𝑚) and Figure 3.16(data sets with primary particle diameter
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w %,

𝑑& = 66 𝑛𝑚, 75 𝑛𝑚, 81 𝑛𝑚). In each figure, the experimental data and model predictions are
plotted in the top panels (A, C, E) and the % differences between prediction and experiment are
plotted in the bottom panels (B, D, F). The predictions are made taking into account the
convolution between the charge distribution and the DMA transfer function for the experimental
conditions reported as described in Appendix-B. In Figure 3.15, it is seen that for instances in
which the DMA classification voltage > 2 𝑘𝑉, the % difference is between ±20% for most
instances indicating excellent agreement for lower charge states – the low mobility particles that
exit the DMA at higher voltages are well described by the model. Since particle electrical
mobility 𝑍& =

B( C
†(

, for particles with nominally the same friction factor 𝜁& higher charge states

lead to higher electrical mobility and exit the DMA at lower voltages: 𝑍#k} =

>
‡0;M €•ˆ < ‰
>'

,FM70;M

. Here,

𝑍#k} is the electrical mobility of particles exiting the DMA classifier at a sheath flow of 𝑄#k}
and a classification voltage of 𝑉#k} , and 𝑟< , 𝑟. , 𝐿 are the dimensions of the DMA described in
detail elsewhere (Knutson & Whitby, 1975). For 𝑉#k} < 3 𝑘𝑉 nominally, the particles exiting
the DMA are dominated by highly mobile species or highly charged particles. In these instances,
the % difference is ~30 − 40% but no higher overall. This suggests reasonable agreement when
considering the lower concentration of highly charged particles relative to particles of lower
charge state. Figure 3.16 presents a similar trend for three more datasets and vindicates the
ability of the LD-based model 𝛽. model to predict the charge distribution of nearly straight chain
particles.
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Figure 3.16: Calculations of the bipolar charge distribution for experimental data reported by Wen et
al. (1984) J. Aerosol Sci. 15(2): 103 – 122 for iron oxide linear chain particles of primary particle
diameter 𝑑& = 66 − 81 𝑛𝑚 in air. The ion properties used for model calculations using eq. 11 with
the LD-based 𝛽. (eq. 9 and eq. 10) are tabulated in Table B.1-F. The steps for calculation of length
scales 𝑅1 and 𝑃𝐴 from measured quantities for the linear chain (cylinder) charging data is described in
Appendix-B. The steps for calculation of particle mean charge 〈𝑝〉 for comparison with the
experimental data is described in Appendix-B. 〈𝑝〉 is plotted as a function of DMA classification
voltage for A) 𝑑& = 66 𝑛𝑚, C) 𝑑& = 75 𝑛𝑚, and E) 𝑑& = 81 𝑛𝑚. The experimental data is shown
using black filled circles and the model predictions are shown using the gray filled histogram. Panel B
(“𝑑& = 66 𝑛𝑚”), panel D (“𝑑& = 75 𝑛𝑚”) and panel F (“𝑑& = 81 𝑛𝑚”) show the % difference with
the same definition as in Figure 3.15
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Table 3.3-B: Estimates of nominal 𝛹$ (eq. 1a) and 𝐾𝑛# (eq. 7b) ranges for the experimental data
of the bipolar charging of non-spherical particles (aggregates, linear chains and cylinders) using
average ion properties listed in Table B.1-F.
Reference

Maricq (2008) (diesel soot
aggregates 𝑫𝒇 = 𝟐. 𝟎)
Maricq (2008) (diesel soot
aggregates 𝑫𝒇 = 𝟏. 𝟗)
Xiao et al. (2012) (silver

𝑷𝑨
𝝅𝑹𝟐𝒔

Figure #

𝜳𝑬

𝑲𝒏𝑫

Min

Max

Min

Max

0.86

−7.75

7.75

0.09

5.25

(panels E – G)

0.84

−6.32

6.32

0.10

2.94

15

0.74

−4.14

4.14

0.12

1.70

16

0.78

−2.78

2.78

0.13

0.97

0.45

−0.32

0.32

0.11

0.16

0.54

−0.47

0.47

0.13

0.20

14
(panels A – D)
14

aggregates 𝑫𝒇 = 𝟏. 𝟕𝟖)
Xiao et al. (2012) (flame
generated aggregates 𝑫𝒇 =
𝟏. 𝟕𝟓)
Wen et al. (1984b) (iron oxide
linear chains 𝒅𝒑 = 𝟒𝟏 𝒏𝒎)
Wen et al. (1984b) (iron oxide
linear chains 𝒅𝒑 = 𝟓𝟏 𝒏𝒎)

17
(panels A, B)
17
(panels C, D)
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Wen et al. (1984b) (iron oxide
linear chains 𝒅𝒑 = 𝟓𝟗 𝒏𝒎)

17
(panels E, F)

0.50

−0.46

0.46

0.14

0.21

0.56

−0.63

0.63

0.15

0.26

0.55

−0.70

0.70

0.17

0.30

0.41

−0.56

0.56

0.19

0.31

−3.18

3.18

0.35

1.18

0.85

−6.79

6.79

0.56

3.45

0.70

−2.67

2.67

0.37

1.12

0.63

−2.66

2.66

0.40

1.23

Table 3.3-B (Continued)
Wen et al. (1984b) (iron oxide
linear chains 𝒅𝒑 = 𝟔𝟔 𝒏𝒎)
Wen et al. (1984b) (iron oxide
linear chains 𝒅𝒑 = 𝟕𝟓 𝒏𝒎)
Wen et al. (1984b) (iron oxide
linear chains 𝒅𝒑 = 𝟖𝟏 𝒏𝒎)
Gopalakrishnan et al. (2015a)

18
(panels A, B)
18
(panels C, D)
18
(panels E, F)
Table 3.5

𝒍

(gold cylinders 𝒅𝒑 ~𝟐. 𝟐)

0.84

𝒑

Gopalakrishnan et al. (2015a)

Table 3.5

𝒍

(gold cylinders 𝒅𝒑 ~𝟒. 𝟑)
𝒑

Gopalakrishnan et al. (2015a)

Table 3.5

𝒍

(gold cylinders 𝒅𝒑 ~𝟏𝟏. 𝟑)
𝒑

Gopalakrishnan et al. (2015a)

Table 3.5

𝒍

(gold cylinders 𝒅𝒑 ~𝟏𝟒. 𝟗)
𝒑
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Lastly, the bipolar charge distribution data for gold cylindrical particles reported by
Gopalakrishnan et al. (2015a) is compared against model predictions (using ion properties listed
W}

in Table B.1-C and 𝑅1 , 𝑃𝐴 calculated as described in Appendix-B) in Table 3.5 for F~$ in the
H

range of 0.84 − 1.00. The overall excellent agreement (with only a few data points with %
difference > 30%) further verifies the utility of the LD-based approach to describe ion transport
on to non-spherical particles facilitated by thermal energy and electrostatic interactions. For the
W}
F~H$

probed in the compared experiments (Gopalakrishnan et al., 2015a; Wen et al., 1984b)

(0.41 − 0.84), the diffusion charging of cylinders/linear chains are well described by the LDbased 𝛽. model (eq. 9 and eq. 10) in the range of −7.75 < 𝛹$ < 7.75 and 0.09 < 𝐾𝑛# < 5.25,
as shown in Table 3.4-B. As mentioned before, along with low fractal dimension aggregates,
future experiments using very high length-to-diameter ratio (> 100) cylinders would be highly
W}

instructive for model evaluation at lower values of F~$ . Lastly, the presented data test the model
H

at transition regime diffusive Knudsen number range 0.1 < 𝐾𝑛# < 10, nominally. Charge
fractions measured at 10- − 100 𝑃𝑎 gas pressures that lead to higher 𝐾𝑛# ~100 − 1000 would
also provide validation in the near free molecular regime of charging.
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Table 3.5: Calculations of the bipolar charge distribution for experimental data reported by
Gopalakrishnan et al. (2015) Aerosol Sci. Tech. 49(12): 1181 – 1194 for cylindrical gold particles
in air.The ion properties used for model calculations using eq. 11 with 𝛽. given by eq. 9 and eq.
10 are tabulated in Table B.1-C. The steps for calculation of length scales 𝑅1 and 𝑃𝐴 from
measured quantities for the cylinder charging data is described in Appendix-B. The cylinder
diameter 𝑑& (𝑛𝑚), length-to-diameter ratio

S(
g(

and

W}
F~H$

ratio are listed along with the mobility

equivalent diameter 𝐷3C (𝑛𝑚). The neutral fraction 𝑓&PQ , the ratio of singly to doubly charged
G

particles of both polarities G(1±3 , the ratio of negative to positive charged particles of singly and
(1±$

G

G

doubly charged states G(123 , G(12$ are listed here with the superscript (∙)C6& denoting experimental
(143

(14$

data and (∙)CO.(( denoting model predictions. The % difference between model and experiment is
quantified as v1 −

(∙)+,.33
(∙)+:(

w %. In all model calculations, particles are assumed be conducting

(𝜀= → ∞).
𝒍𝒑
𝒅𝒑

𝑷𝑨
𝝅𝑹𝟐𝒔

11.2

4.3

43.3

𝒅𝒑 (𝒏𝒎)

x𝟏 −

(∙)𝒆𝒒.𝟏𝟏
y%
(∙)𝒆𝒙𝒑

𝑫𝒎𝒆 (𝒏𝒎)

𝒆𝒙𝒑
𝒇𝒑P𝟎

𝒆𝒒.𝟏𝟏
𝒇𝒑P𝟎

0.84

30.9

0.80836

0.75954

6.04%

2.2

0.84

64.6

0.47912

0.46336

3.29%

17.3

14.9

0.63

68.1

0.4592

0.49851

−16.65%

20.9

11.3

0.70

70.9

0.44972

0.49834

−10.81%

73.2

1.0

1.00

73.2

0.48

0.52

−9.03%

𝒅𝒑 (𝒏𝒎)

𝒍𝒑
𝒅𝒑

𝑷𝑨
𝝅𝑹𝟐𝒔

𝑫𝒎𝒆 (𝒏𝒎)

𝒇𝒑P'𝟏
x
y
𝒇𝒑P'𝟐
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𝒆𝒙𝒑

𝒇𝒑P'𝟏
x
y
𝒇𝒑P'𝟐

𝒆𝒒.𝟏𝟏

x𝟏 −

(∙)𝒆𝒒.𝟏𝟏
y%
(∙)𝒆𝒙𝒑

11.2

4.3

0.84

30.9

72.0274

67.64879

6.08%

43.3

2.2

0.84

64.6

11.147

7.5336

32.42%

17.3

14.9

0.63

68.1

5.5228

7.4466

−34.83%

20.9

11.3

0.7

70.9

6.7724

7.3456

−8.46%

73.2

1.0

1

73.2

7.51

8.56

−13.97%

Table 3.6 (Continued)
𝒍𝒑
𝒅𝒑

𝑷𝑨
𝝅𝑹𝟐𝒔

11.2

4.3

0.84

30.9

72.0274

67.64879

6.08%

43.3

2.2

0.84

64.6

11.147

7.5336

32.42%

17.3

14.9

0.63

68.1

5.5228

7.4466

−34.83%

20.9

11.3

0.7

70.9

6.7724

7.3456

−8.46%

73.2

1.0

1

73.2

7.51

8.56

−13.97%

𝒅𝒑 (𝒏𝒎)

𝒍𝒑
𝒅𝒑

𝑷𝑨
𝝅𝑹𝟐𝒔

𝑫𝒎𝒆 (𝒏𝒎)

11.2

4.3

0.84

30.9

1.395

1.264222

9.37%

43.3

2.2

0.84

64.6

1.313

1.264

3.73%

17.3

14.9

0.63

68.1

0.864

1.241

−43.65%

20.9

11.3

0.7

70.9

0.95

1.232

−29.69%

73.2

1.0

1

73.2

1.24

1.2

2.96%

𝒅𝒑 (𝒏𝒎)

𝑫𝒎𝒆 (𝒏𝒎)

𝒇𝒑P*𝟏
x
y
𝒇𝒑P*𝟐

𝒇𝒑P'𝟏
x
y
𝒇𝒑P*𝟏
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𝒆𝒙𝒑

𝒆𝒙𝒑

𝒇𝒑P*𝟏
x
y
𝒇𝒑P*𝟐

𝒇𝒑P'𝟏
x
y
𝒇𝒑P*𝟏

𝒆𝒒.𝟏𝟏

x𝟏 −

𝒆𝒒.𝟏𝟏

(∙)𝒆𝒒.𝟏𝟏
y%
(∙)𝒆𝒙𝒑

(∙)𝒆𝒒.𝟏𝟏
x𝟏 −
y%
(∙)𝒆𝒙𝒑

𝒍𝒑
𝒅𝒑

𝑷𝑨
𝝅𝑹𝟐𝒔

𝑫𝒎𝒆 (𝒏𝒎)

11.2

4.3

0.84

30.9

1.433

1.617331

−12.86%

43.3

2.2

0.84

64.6

1.617

1.593

1.48%

17.3

14.9

0.63

68.1

1.237

1.556

−25.78%

20.9

11.3

0.7

70.9

1.104

1.536

−39.06%

73.2

1.0

1

73.2

1.608

1.474

8.34%

𝒅𝒑 (𝒏𝒎)

𝒇𝒑P'𝟐
x
y
𝒇𝒑P*𝟐
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𝒆𝒙𝒑

𝒇𝒑P'𝟐
x
y
𝒇𝒑P*𝟐

𝑳𝑫

(∙)𝒆𝒒.𝟏𝟏
x𝟏 −
y%
(∙)𝒆𝒙𝒑

4.

Effect of particle shape on diffusion charging of conducting aerosol

particles
The LD-based 𝛽. model (eq. 9 and eq. 10), shown to describe the charging of spherical and nonspherical particles (Figures 1 – 7) has been tested using experimental data from the literature in
Figures 8 – 18. The LD-based 𝛽. model is used here to probe the effect of particle shape on
diffusion charging and deduce insights for the design of charging experiments using highly nonS

spherical particles. As illustrative examples, we choose four specific shapes: cylinders with g( =
(

100, 1000 and fractal aggregates i𝐷G = 1.3, 𝑘G = 1.3j that consist of 𝑁 point contacting spheres
with 𝑁 = 20, 100 to illustrate the effect of particle shape on 𝛽. and subsequently, the charge
fractions 𝑓& for 𝑝 = −2, −1, 0, +1, +2. The non-spherical particle friction factor 𝜁& is calculated
based on the desired value of the electrical mobility equivalent diameter 𝐷3C , a common
measure of size employed in electrical mobility analysis of non-spherical aerosol nanoparticles,
at 1 atm, 300 K. The friction factor 𝜁& of the cylinder/aggregate particle is iteratively calculated
using the adjusted sphere model (Dahneke, 1973; Zhang, Thajudeen, Larriba, Schwartzentruber,
& Hogan, 2012) by suitably choosing the particle diameter 𝑑& (for cylinders) or the primary
particle diameter 𝑑& (for aggregates) to vary the electrical mobility equivalent diameters in the
range of 20 − 200 𝑛𝑚. The calculation of 𝑅1 , 𝑃𝐴 and the collision kernel 𝛽. (using positive ions
@9
of mass 0.1 3<SC and electrical mobility of 1.4 × 10'l 𝑚, 𝑠 '( 𝑉 '( in eq. 9 and eq. 10) for these
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shapes are carried out as per the steps laid out in Appendix-B and used in eq. 11 for charge
fraction 𝑓& calculation.

Figure 3.17: Calculations of

‘'PQ
‘'Q

for 𝐷3C = 50, 80, 100, 200 𝑛𝑚 as a function of particle charge 𝑝 in panels

A, D, G, J, respectively (𝛽.UL and 𝛽.L are described in the main text). Also shown are 𝛹$ (panels B, E, H, K)
@9

and 𝐾𝑛# (panel C, F, I, L) for charging conditions of 1 atm, 300 K and positive ion mass 0.1 3<SC and
electrical mobility of 1.4 × 10'l 𝑚, 𝑠 '( 𝑉 '( .
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Figure 3.17 presents computations of the ratio

‘'PQ
‘'Q

for 𝐷3C = 50, 80, 100, 200 𝑛𝑚 as a function

of particle charge 𝑝 in panels A, D, G, J (𝛽.UL is the particle-ion collision kernel for one of the
four non-spherical particle shapes chosen and 𝛽.L is the corresponding value for the sphere with
the same electrical mobility as the non-sphere). Also shown are 𝛹$ (panels B, E, H, K) and 𝐾𝑛#
S
(panel C, F, I, L) for the charging conditions chosen. For cylinders with g( = 100 (panels A –
(

C), it is seen that the effect of shape on 𝛽.UL is stronger for like charged particle-ion collisions
(𝑝 > 0) than unlike charged particle-ion collisions (𝑝 < 0) and that the effect of shape
S
diminishes with increasing mobility diameter. The same is true for cylinders with g( = 1000
(panels D – F), where the effect of shape is stronger:
S(
g(

‘'PQ
‘'Q

(

S(

~10, for g = 100 and
(

‘'PQ
‘'Q

~10- for

= 1000. This translates into higher fraction of multiply charged particles as shown in Figure

3.18 that presents charge distribution calculations (using positive and negative ions of mass
@9
0.1 3<SC and electrical mobility of 1.4 × 10'l 𝑚, 𝑠 '( 𝑉 '( , 300 K and 1 atm gas pressure) as ratio
G(PQ
G(Q

as a function of 𝐷3C for 𝑝 = −2, −1, 0, +1, +2, where 𝑓&UL is the fraction of particles
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carrying 𝑝 charges from a population of non-spherical particles (𝑁𝑆) and 𝑓&L is the same for a
population of spherical particles (𝑆) with the same electrical mobility as the non-spheres. Panel
A of Figure 3.18shows that neutral and singly charged fractions are similar to that of spheres,
higher order fractions (𝑝 = ±2) are significantly higher than spheres and are likely to lead to
sensitive probing of the effect of particle shape. If the total concentration of aerosol particles
generated and exposed to bipolar ions is high, the observation of charge states 𝑝 > 2 may also be
S
possible. This trend is further exacerbated for cylinders with g( = 1000 (panel B of Figure 3.18).
(

For the case of fractal aggregates, panels G and J of

Figure 3.17 show that

‘'PQ
‘'Q

follows a similar trend to that of cylinders and that shape significantly

alters the collision kernel for repulsive Coulomb interactions. Consequently, strong deviation
from the diffusion charging behavior of spherical particles is seen in panels C and D of Figure
3.18, in which, like the case of cylinders, 5 – 10 times the fraction of 𝑝 = ±2 particles are
expected. Similar to the bipolar charge fraction measurements of Maricq (2008), measurement of
triply or higher charge fractions for low fractal dimension aggregates (like the sample
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calculations for 𝐷G = 1.3 here) will highlight the effect of particle shape on diffusion charging
for the validation of models such as the one advanced here.

Figure 3.18: Calculations of

G(PQ
G(Q

as a function of 𝐷3C for 𝑝 = −2, −1, 0, +1, +2 for particle shapes noted in

the title of panels A – D (𝑓&UL and 𝑓&L are described in the main text).
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3.4 Conclusions
In this article, we have used Langevin Dynamics (LD) simulations to calculate the collision
kernel 𝛽. for collisions between an unlike charged, conducting particle of arbitrary shape and an
ion in the absence of external fields. The presented calculations of 𝛽. for various test shapes
allowed the extension of the particle-ion collision kernel 𝛽. taking into account attractive
Coulomb-potential interactions developed for spherical particles by Li Li et al. (2020) to
particles of arbitrary shape. Along with this 𝛽. model and the 𝛽. model developed by R.
Gopalakrishnan, T. Thajudeen, et al. (2013) for like charged collisions between ions and
arbitrary shaped particles, complete bipolar charge distributions were computed and compared
with experimental data from prior studies (Gopalakrishnan et al., 2015a; Johnson et al., 2020;
Maricq, 2008; Wen et al., 1984b; Wiedensohler & Fissan, 1991; Xiao et al., 2012). Based on the
LD-based 𝛽. model development and the comparison of charge distribution predictions with
experimental data, we draw the following conclusions:
1.

LD is a robust computational tool to calculate collision kernels or rate constants to

describe mass transport of dilute species (ions in this instance) suspended in a
background gas. The LD-computed collision kernel approaches the appropriate
analytically derived continuum (high pressure and/or large particle, 𝐾𝑛# → 0) and free
molecular (low pressure and/or small particle, 𝐾𝑛# → ∞) limits, and provides a viable
approach for modeling transport processes in the mass transfer transition regime
(intermediate 𝐾𝑛# ). The analysis of particle-ion collisions in this article assumed that the
particle material is perfectly conducting. The effect of particle material on 𝛽. needs to be
investigated in future work. Also not considered in this study is the effect of external
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electric fields on the flux of ions transported onto the surface of a particle. The LD
simulation approach is ideally suited to handle both of these effects.
2.

The presented model (eq. 9 and eq. 10) robustly describes the collision kernel 𝛽.

to describe the charging rate of arbitrary shape aerosol particles in the presence of
attractive and repulsive Coulomb potential interactions while also accounting for the
particle-ion image potential as well. Thus, it represents a complete model to describe the
bipolar and unipolar diffusion charging of non-spherical particles exposed to singly
charged ions at a wide range of background gas temperature-pressure combinations may
be described using the presented model for 𝛽. in terms of 𝐻. The effect of shape is selfconsistently captured through two length scales 𝑅1 , 𝑃𝐴 that can be calculated with
knowledge of particle geometry alone.
3.

The comparisons with bipolar charging data for spheres establish that the LD-

based 𝛽. model may be used to calculate particle charging in air, nitrogen and argon and
is also accurate in predicting charge states up to ±6.
4.

The comparisons with bipolar charging data for fractal aggregates show that for

𝐷G ≥ 1.7, the effect of shape is minimal and that particles behave similar to spheres of
equivalent mobility. Calculations to probe the effect of particle shape, that show that for
relatively low 𝐷G ~1.3 aggregates are likely to show significant shape dependence, are
presented to motivate future experimental studies that may be used for model validation.
5.

The comparisons with bipolar charging data for linear chains and cylindrical
W}

particles shows excellent agreement over a wide range of 0.41 < F~$ < 0.84.
H

Calculations that will aid the design of future experiments using very high aspect ratio
cylindrical particles are also presented. These calculations suggest that higher order
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charge fractions (|𝑝| ≥ 2) are expected to be higher for highly non-spherical particles
W}

vF~$ ≪ 1w compared to spheres of the same electrical mobility.
H

6.

Appendix-B presents steps to implement a calculation of the collision kernel for a

non-spherical particle (aggregate/cylinder) of known shape parameters and ion properties
for carrying out calculations of unipolar or bipolar diffusion charge distributions using
eq. 11, that also allows taking into account the effect of ion polydispersity, wherever
detailed ion mass-mobility distributions are available.
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Chapter 4 Modeling nanoparticle charge distribution in the afterglow of non-thermal
plasmas3
In this chapter, particle charging in the afterglows of non-thermal plasmas was modeled by
incorporating particle-ion collision rate constant expressions introduced in prior chapters into
species transport equations for ions, electrons and charged particles in the afterglow. And the
particle-ion collision kernel models are presented to extend the range of applicability to ion
electrostatic to thermal energy ratios of 300 and diffusive Knudsen number up to 2000. The
developed models are first validated by comparing predictions of particle charge against
measured values in a stationary, non-thermal DC plasma from past PK-4 campaigns
4.1 Introduction
Non-thermal dusty plasmas (i.e.) weakly ionized gas discharges are two-temperature systems
that contain energetic electrons that are much hotter than the ions and background gas molecules,
with energies typically on the order of 𝑘> 𝑇C ~0.1 − 10 𝑒𝑉 and 𝑘> 𝑇. ~0.03 − 0.05 𝑒𝑉 and gas
pressures 𝑝9 ~10, − 100 𝑃𝑎. A key advantage of non-thermal dusty plasmas is their relatively
low operating temperatures (< 500 𝐾) combined with the presence of energetic electrons whose
temperature is on the order of ~10,000 𝐾, a combination that creates novel pathways for particle
growth dynamics and surface chemistry(Fortov, Ivlev, Khrapak, Khrapak, & Morfill, 2005; S.
Khrapak & Morfill, 2009; Morfill & Ivlev, 2009), generally inaccessible via colloidal or aerosol
routes. Flow-through non-thermal plasmas, distinct from stationary plasmas formed inside a
sealed chamber and a stagnant gas, are effective vehicles for materials
synthesis/processing(Kersten & Wolter, 2010; Kortshagen et al., 2016) as they allow the

3

Aspects of the results described in this chapter (including some text and figures) were under review by J.
Applied Physics D
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chemical transformation and nucleation of precursor vapors, followed by grain growth via
coagulation(Bouchoule & Boufendi, 1993; Boufendi et al., 1992; D. J. Kim & Kim, 2002) to
produce desired aerosol size distribution, shape, composition and crystalline phase in materials
while being amenable to online, real-time optical diagnostics(Melzer, Himpel, Krüger, Mulsow,
& Schütt, 2018) and aerosol electrical mobility analysis(Abuyazid et al., 2020; X. Chen, Ghosh,
Buckley, Mohan Sankaran, & Hogan, 2018; Knutson & Whitby, 1975; Wang & Flagan, 1990).
While the non-thermal plasma itself is spatially well-defined by the creation of energetic species
due to the influx of power through electrodes or irradiation, the produced species are not
necessarily completely reacted away within the axial extent of the cylindrical flow reactor. The
penetration depth of the plasma-generated species (ions, electrons, free radicals) transported by
the gas flow to downstream axial locations, known as the afterglow, is determined by the gas
flowrate and temperature, diffusivity of the charged species and rates of chemical reactions that
act as sinks for the plasma-generated species. Here, we distinguish between spatial afterglows
formed downstream of flow-through plasmas from the term temporal afterglows(Couëdel et al.,
2009; Couëdel, Mikikian, Boufendi, & Samarian, 2006; Couëdel, Samarian, Mikikian, &
Boufendi, 2008a, 2008b; Filatova, Trukhachev, & Chubrik, 2011; Layden, Couedel, Samarian, &
Boufendi, 2011; Wörner et al., 2013) that is used to describe the decay of charged species over
time by recombination and diffusion in the space after the external power input to a plasma is
turned off. Among other attributes, the electrical charge of aerosol particles produced in or flown
through a non-thermal plasma strongly influences their subsequent growth dynamics(Adamovich
et al., 2017; S. Khrapak & Morfill, 2009; Kortshagen et al., 2016). The particle charge is
modified both in the active plasma region by the nearly neutral space charge environment
(𝑛. ≅ 𝑛C ) wherein ion-electron pair production rate by ionization balances the losses due to

123

recombination, diffusional deposition on surfaces and collisional charging of particles, and, by
the non-neutral, positive space charge in the spatial afterglow region (𝑛. > 𝑛C ) where electrons
are lost at much higher rates than ions without replenishment by ionization; 𝑛. is the ion number
concentration and 𝑛C is the electron number concentration. Motivated by recent experimental
investigations of charging in the spatial afterglow downstream of non-thermal plasmas to infer
the particle charge distribution(Sharma et al., 2020; van Minderhout et al., 2019) as well as to
propose charge control technologies(Dhawan et al., 2020; van Minderhout et al., 2020), we
describe a modeling approach to calculate the charge distribution 𝑓& of aerosol particles flown
through a non-thermal plasma and the afterglow; 𝑓& is the fraction of particles carrying 𝑝 charges
in a population of monodisperse aerosol particles. Modeling and tuning 𝑓& as a function of
particle size and other plasma attributes accurately is needed for the selection of materials
synthesis plasma process parameters in order to obtain tight control over the particle size
distribution via collisional growth(Annaratone et al., 2009; X. Chen, Seto, Kortshagen, & Hogan,
2020; Dap et al., 2013; Dap et al., 2012; Jiang et al., 2018; Mankelevich et al., 2009; Vekselman,
Raitses, & Shneider, 2019; Winter et al., 2009), prevent undesirable agglomeration by unipolar
charging(Anthony, Thimsen, Johnson, Campbell, & Kortshagen, 2011; Cernetti, Gresback,
Campbell, & Kortshagen, 2007; Mangolini, Thimsen, & Kortshagen, 2005; Shen, Kim,
Kortshagen, McMurry, & Campbell, 2003) as well as the promote desirable production of fractal
aggregates by scavenging of non-negatively charged monomers by negatively charged larger
particles(X. Chen et al., 2018; X. Chen et al., 2020).
In the plasma region, a suitably measured or estimated 𝑛. , 𝑛C (considered to be nearly spatially
uniform) may be used to obtain the charge 𝑧̅& by equating the (positive) ion and (negative)
electron currents to a particle same from a stationary (non-drifting) plasma. The PK-4
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experimental campaigns(S. A. Khrapak et al., 2005; S. A. Khrapak et al., 2012; Ratynskaia et al.,
2004) show that 𝑎& ~0.6 − 1.3 𝜇𝑚-sized spherical dust particles attain a steady state charge of
~10, − 10l units of elementary negative charge in stationary non-thermal DC plasmas at
pressures ~20 − 500 𝑃𝑎 in argon gas; 𝑎& =

g(
,

and 𝑑& is the diameter of a spherical particle. For

flow-through plasmas, the particle charge distribution 𝑓& , in the limit of particle residence time in
the plasma region 𝑡= being much longer than the characteristic time 𝜏 for particle-ion and
particle-electron collisions (𝑡= ≫ 𝜏), presumably attains a steady state with a nominally negative
mean charge i∑?
&P'? 𝑓& 𝑝 ≡ 𝑧̅& < 0j owing to higher mobility of electrons than ions (𝜇C > 𝜇. ).
3

,

l

For 𝑑& > 20 𝑛𝑚, É𝑧̅& É~10 − 10 and the width 𝜎& ≡

v∑?
&P'? 𝑓& i𝑝

, $

− 𝑧̅& j w of the charge

distribution is usually neglected when compared to É𝑧̅& É and the particle charge is considered to
be a mono-valued quantity: 𝜎& ≪ É𝑧̅& É. For 𝑑& < 20 𝑛𝑚-sized particles, |𝑧̅& |~10 and
consequently, it is important to consider the finite width of the charge distribution that is
comparable to the mean value: 𝜎& ~É𝑧̅& É. Further, for 𝑑& < 2 𝑛𝑚-sized freshly nucleated particles
inside the plasma, particle charge can also be non-negative (i.e.) 𝑧& ≥ 0. The presence of nonnegatively charged particles is key to the scavenging of small particles by larger, negatively
charged particles to sustain the growth of particles to larger sizes(Kortshagen et al., 2016;
Larriba-Andaluz & Girshick, 2016; Le Picard, Markosyan, Porter, Girshick, & Kushner, 2016;
Mamunuru, Le Picard, Sakiyama, & Girshick, 2017; Romain Le & Steven, 2016).
In contrast to the plasma region, due to the longer extinction time of the ions than electrons,
particle charging in the spatial afterglow proceeds predominantly by attachment of (positive)
ions (𝑧. = +1) to particles through combined diffusional and electrostatic motion leading to
increase of particle charge: 𝑝 → 𝑝 + 𝑧. , leading to the formation of bipolar or even solely
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positively charged particles(Sharma et al., 2020; van Minderhout et al., 2019) starting from
initially negative particles leaving the active plasma region. Modeling the charge distribution of
particles 𝑓& exiting the afterglow region is more challenging than calculating the particle charge
inside the (stationary) plasma region for at least three reasons: Firstly, the afterglow’s boundary
is not precisely delineated and the spatial decay of ions along the axis must be properly
accounted for while estimating particle charge(van Minderhout et al., 2019); this requires
accurate measurement of the gas flow rate 𝑄 and axial temperature profile 𝑇(𝑧) in the afterglow
region. A suitable fluid model of the decay of the spatial concentration of ions 〈𝑛. (𝑧)〉= and
electrons 〈𝑛C (𝑧)〉= as a function of the axial location needs to be coupled to a calculation of 𝑓& to
properly account for the variation in ion and electron currents to a particle; 〈∙〉= denotes
averaging over the radial cross-section at a given axial location 𝑧. Secondly, the contribution of
particle-ion combined Coulomb and image potential interactions must be taken into account for
collisions between particles(Brock, 1970a; Keefe et al., 1967; Lindell, Sten, & Nikoskinen, 1993;
Sodha, Srivastava, & Mishra, 2011; Sten & Nikoskinen, 1995) whose charge is comparable to 0:
𝑧& ~0. Barring a few exceptions(Michau, Swaminathan, Longo, & Hassouni, 2019; Santos,
Cacot, Boucher, & Vidal, 2019; Sodha et al., 2011), the contribution of the image potential to the
charging of particles in plasmas have been largely ignored in instances where −𝑧& ≫ 0 but are
routinely accounted for in aerosol particle diffusion charging modeling(Brock, 1970a; R.
Gopalakrishnan, T. Thajudeen, et al., 2013; W. A. Hoppel & G. M. Frick, 1986; D. D. Huang,
Seinfeld, & Okuyama, 1991; Keefe et al., 1967; Li Li et al., 2020; Li & Gopalakrishnan, 2021b;
Lopez-Yglesias & Flagan, 2013; Mayya & Sapra, 2002; H. Ouyang, R. Gopalakrishnan, & C. J.
Hogan, 2012a) where charge levels are closer to 0: 𝑧& ~[−20,20]. Lastly, the prediction of 𝑓&
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also requires that the charge of particles leaving the plasma region is calculated or measured
accurately to serve as an initial condition for the modeling in the afterglow region.
Particle charge may be calculated by balancing of the production and consumption of positively
and negatively charged particles in a plasma at steady state (𝑡= ≪ 𝜏). The rate of collisions
between a particle carrying 𝑝 charges and an ion is calculated as: 𝑅&. = 𝛽(𝑝, 𝑖)𝑛& 𝑛. ; 𝛽(𝑝, 𝑖) is
the particle-ion collision rate constant that is calculated from theoretical models of charging,
commonly referred to as the ion-flux coefficient in the plasma literature and as the particle-ion
collision kernel in the aerosol literature, and 𝑛& is the number concentration of particles carrying
𝑝 charges. Likewise, the particle-electron collision rate is also calculated as 𝑅&C = 𝛽(𝑝, 𝑒)𝑛& 𝑛C ;
𝛽(𝑝, 𝑒) is the particle-electron collision rate constant. The particle charge distribution 𝑓& =
_(

∑(14@
(12@ _(

on a population of mono-sized particles of diameter 𝑑& are obtained by solving a system

of algebraic equations:
0 = −𝛽(𝑝, 𝑖)𝑛& 𝑛. − 𝛽(𝑝, 𝑒)𝑛& 𝑛C + 𝛽(𝑝 − 1, 𝑖)𝑛&'( 𝑛. + 𝛽(𝑝 + 1, 𝑒)𝑛&*( 𝑛C … (1)
In a stationary plasma, species concentrations are assumed to spatially homogenous to derive a
0-D model for simplicity. Due to much smaller electron-neutral collision cross-sections
compared to ions and neutrals (𝜎C_ ≪ 𝜎._ ), even at atmospheric pressures (~100 𝑃𝑎), particleelectron collisions may be considered to be collisionless and 𝛽(𝑝, 𝑒) is described by the
collisionless orbital motion-limited (OML) model(Allen, 1992; Mott-Smith & Langmuir, 1926),
derived for collisions in vacuum. Among the instances that could lead to significant deviation of
𝛽(𝑝, 𝑖) from OML predictions, Goree (1994) recognizes ion-neutral gas molecule collisions at
finite gas pressures as a reason for the increase in ion currents collected by particles due to
trapping of low energy ions(Goree, 1992). The effect of ion-neutral collisions has been a subject
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of numerous theoretical investigations both in the context of aerosol charging(Chahl &
Gopalakrishnan, 2019; N. A. Fuchs, 1963; R. Gopalakrishnan, M. J. Meredith, et al., 2013; R.
Gopalakrishnan, T. Thajudeen, & C. J. Hogan, 2011a; R. Gopalakrishnan, T. Thajudeen, et al.,
2013; W. A. Hoppel & G. M. Frick, 1986; Li Li et al., 2020; Li & Gopalakrishnan, 2021b;
Lopez-Yglesias & Flagan, 2013) as well as particle charging in dusty plasmas(Crouseilles,
Degond, & Lemou, 2005; D'Yachkov, Khrapak, & Khrapak, 2008; D'Yachkov et al., 2007; Galli
& Kortshagen, 2010; Gatti & Kortshagen, 2008; Hutchinson & Patacchini, 2007; Iza & Lee,
2006; S. A. Khrapak, Klumov, & Morfill, 2008; S. A. Khrapak & Morfill, 2006, 2008; S. A.
Khrapak, Morfill, Khrapak, & D’yachkov, 2006; Martin Lampe, Gavrishchaka, Ganguli, &
Joyce, 2001; Mártin Lampe et al., 2003; Martin Lampe & Joyce, 2015; Lushnikov & Kulmala,
2004; Maiorov, 2005; Trunec et al., 2004; Yaroshenko et al., 2004; Zobnin, Usachev, Petrov, &
Fortov, 2008) as summarized by Chahl and Gopalakrishnan (2019). In addition to ion-neutral
collisions, flow-through plasmas also present the challenge of spatially varying ion, electron and
particle concentrations as described before, that may be modeled by considering coupled species
transport equations at steady state (𝑡= ≫ 𝜏):
&P*?

0 = ∇ ∙ i−𝐷. ∇𝑛. + 𝑢
Ë⃗9 𝑛. j − 𝑅.C − • 𝛽(𝑝, 𝑖)𝑛& 𝑛. … (2𝑎)
&P'?
&P*?

0 = ∇ ∙ i−𝐷C ∇𝑛C + 𝑢
Ë⃗9 𝑛C j − 𝑅.C − • 𝛽(𝑝, 𝑒)𝑛& 𝑛C … (2𝑏)
&P'?

0 = ∇ ∙ i−𝐷& ∇𝑛& + 𝑢
Ë⃗9 𝑛& j − 𝛽(𝑝, 𝑖)𝑛& 𝑛. − 𝛽(𝑝, 𝑒)𝑛& 𝑛C + 𝛽(𝑝 − 1, 𝑖)𝑛&'( 𝑛.
+ 𝛽(𝑝 + 1, 𝑒)𝑛&*( 𝑛C … (2𝑐)
𝐷. , 𝐷C , 𝐷& are, respectively, the diffusion constants of the ion, electron and particles and 𝑅.C is
the gas-phase ion-electron recombination rate. The gas flow field 𝑢
Ë⃗9 may be considered to be
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one-way coupled to the species transport equations above and is taken independently to be a
simple plug flow model. Calculating the gas temperature profile 𝑇9 is considerably more
complex as it requires an estimate of the power injected into the gas flow by the plasma. For
simplicity, a constant gas temperature is assumed or 𝑇9 measured at several axial locations along
the plasma reactor may be used as an empirical substitute. In this article, we employ an
experimentally validated model of 𝛽(𝑝, 𝑖) developed for the diffusion charging of spherical(Li Li
et al., 2020) as well as arbitrary shaped(Li & Gopalakrishnan, 2021b) aerosol particles by
parameterizing the particle-ion collision time distributions calculated using Langevin Dynamics
(LD) simulations(Chahl & Gopalakrishnan, 2019). Among available 𝛽(𝑝, 𝑖) models, the LDbased approach of Chahl and Gopalakrishnan (2019) is chosen for the excellent agreement
(within ±30% nominally) that it yields with experimental data for a wide range of aerosol
charging conditions (gas pressure, temperature, ion mass and electrical mobility, particle size and
shape) and convergence to known analytical expressions in the continuum (high pressure) and
free molecular (low pressure or vacuum) limits. The reminder of the article is organized as
follows: As the details of 𝛽(𝑝, 𝑖) model development using LD simulations are explained in prior
work(Chahl & Gopalakrishnan, 2019; Gopalakrishnan & Hogan, 2011b; R. Gopalakrishnan & C.
J. Hogan, 2012; R. Gopalakrishnan, T. Thajudeen, et al., 2013; Li Li et al., 2020; Li &
Gopalakrishnan, 2021b; Ouyang et al., 2012a), as part of our Methods, we only present a scaling
analysis of particle charging in plasmas and describe additional LD simulation results to expand
the applicability the model of Chahl and Gopalakrishnan (2019) that was derived to describe
𝛽(𝑝, 𝑖) for highly charged i−𝑧& ≫ 0j particles and ions interacting through a screened Coulomb
potential: 𝛷 =

B( B' C $
lF’5

𝑒
=

'

>
R0

; 𝑟 is the particle-ion distance and 𝜆# = v

’5 @% A' (/,
_' C $

w

is the Debye

screening length based on the ion concentration. An experimental validation of 𝛽(𝑝, 𝑖) for highly
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charged particles is provided by comparing predictions of mean charge 𝑧̅& with corresponding
experimental data reported by the PK-4 grain charging experiments in DC plasmas(S. A.
Khrapak et al., 2005; Ratynskaia et al., 2004). To describe the charging of particles at lower
charge levels i𝑧& ~0j, we also summarize the 𝛽(𝑝, 𝑖) model put forth by Li Li et al. (2020) that
captures the combined Coulomb and image potential interaction: 𝛷 =
#
H(
$”
$
$
’> *( lF’< ,= “= 'H(

’> '( B'$ C $

B( B' C $
lF’5 =

−

; 𝜀= is the particle material dielectric constant. Further, we describe our

solutions to eq. 2 while incorporating LD-based 𝛽(𝑝, 𝑖) models along with details of our
modeling of the particle charge distribution measurements reported by Sharma et al. (2020). The
Results and Discussion section presents our comparison between model predictions and
experimental data and we attempt to critically assess the LD-based 𝛽(𝑝, 𝑖) model and its
applicability for particle charging in afterglows. Therein, complexities of particle charging that
are included and excluded in our modeling are discussed in detail. Finally, we present the
Conclusions derived from this modeling study about the usage of LD-based 𝛽(𝑝, 𝑖) for
describing particle charging in flow-through plasmas along with recommendations for future
experimental investigations.
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4.2 Scaling analysis of particle charging
The collision of positive ions with charged particles is modeled as a point mass ion (of mass 𝑚. )
colliding with a spherical particle of radius 𝑎& including the effect of electrostatic interaction and
the ion’s thermal energy. At sufficiently low ion and grain concentrations, it may be reasonably
assumed that grains and ions interact with each other while being nominally isolated (dilute,
binary interactions). In lieu of two-way coupled determination of the electric potential (using the
Poisson-Boltzmann equation) and the charge (ion/electron) concentration profile (taking into
account drift and diffusion), the use of an apriori prescribed potential is commonly employed.
While the rigorous justification of the ad hoc use of such a screened Coulomb is not available, it
is seen from numerical(Daugherty, Porteous, Kilgore, & Graves, 1992) and theoretical(Semenov,
Khrapak, & Thomas, 2015) investigations that it nevertheless produces a close approximation of
the grain-ion potential. Following prior theoretical developments(D'Yachkov et al., 2007; N. A.
Fuchs, 1963; Gatti & Kortshagen, 2008), the nondimensional grain-ion interaction potential is
•(=)

taken to be @

% A'

=−

/"
=

B B C$

=

exp v− L w. Here, 𝛹$ = − lF’ (H' @

< ( % A'

0

is the ratio of the nominal grain-

B B C$

( '
ion electrostatic potential energy − lF’
to the ion thermal energy 𝑘> 𝑇. ; 𝛹$ > 0 represents
H
< (

collisions between a positive ion and a negatively charged particle and vice versa. The ion Debye
screening length 𝜆# is normalized by the grain radius to obtain the non-dimensional screening
–

length 𝑆# = H0 . In vacuum, OML model-derived 𝛽(𝑝, 𝑖) is:
(

8𝑘> 𝑇. (/, ,
𝛽(𝑝, 𝑖) = ~
‚ 𝜋𝑎& 𝜂G (𝛹$ , 𝑆# ) … (3𝑎)
𝜋𝑚.
Here, 𝜂G (𝛹$ , 𝑆# ) is the enhancement of the hard sphere grain-ion collision cross-section 𝜋𝑎&, due
to grain-ion electrostatic interaction. By conserving momentum and kinetic energy of the ion
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approaching a stationary grain(Allen, 1992; Mott-Smith & Langmuir, 1926), 𝜂G (𝛹$ , 𝑆# ) is
derived as:
1
‚ , 𝛹$ ≥ 0
𝑆#
𝜂G (𝛹$ , 𝑆# ) =
… (3𝑏)
⎨exp ~𝛹 exp ~− 1 ‚‚ , 𝛹 ≤ 0
$
$
⎩
𝑆#
⎧ 1 + 𝛹$ exp ~−

Eq. 3 (3a and 3b) has been used at low pressures (< 10 𝑃𝑎) but has been shown to be inaccurate
for ~20 – 500 𝑃𝑎 experimentally(S. A. Khrapak et al., 2005; S. A. Khrapak et al., 2012;
Ratynskaia et al., 2004). In the opposite limit of high pressures (~100 𝑃𝑎), 𝛽(𝑝, 𝑖) is determined
by continuum transport of ions due to mobility-limited electrostatic drift and thermal diffusion:
𝛽(𝑝, 𝑖) = 4𝜋

𝑘> 𝑇.
𝑎 𝜂 (𝛹 , 𝑆 ) … (4𝑎)
𝑓. & 2 $ #

Here, 𝑓. is the ion friction factor that can be obtained from a measurement of the ion diffusion
coefficient 𝐷. =

@% A'
G'

or the low-field electrical mobility 𝜇. =

B' C
G'

. 𝜂2 (𝛹$ , 𝑆# ) is the continuum

enhancement factor(Friedlander, 2000; N. A. Fuchs, 1963):
'(

?

1
𝛹$
𝑟
𝜂2 (𝛹$ , 𝑆# ) = pq , exp ~−
exp ~− ‚‚ 𝑑𝑟t
𝑟
𝑟
𝑆#

… (4𝑏)

(

In our analysis of positive ion current collected by a particle, we neglect the influence of any
external fields. This assumption is consistent with the experimental studies of particle charging
in stationary plasmas(S. A. Khrapak et al., 2005; Ratynskaia et al., 2004) and in flow-through
plasmas selected for model validation(Sharma et al., 2020). Eq. 3 and eq. 4 present the
vacuum/low-pressure and high-pressure limit of 𝛽(𝑝, 𝑖), respectively. At intermediate pressures
(~10, − 100 𝑃𝑎), Langevin Dynamics has been previously exploited to predict the steady-state

132

mean charge on grains(Gopalakrishnan et al., 2015a; R. Gopalakrishnan, M. J. Meredith, et al.,
2013; Vaulina et al., 2006) and develop 𝛽. models for aerosols and dusty plasmas(Chahl &
Gopalakrishnan, 2019; R. Gopalakrishnan & C. J. Hogan, Jr., 2012; R. Gopalakrishnan, T.
Thajudeen, et al., 2013; Li Li et al., 2020; Ouyang et al., 2012b). As stated before, our first
objective is to test the model for 𝛽. developed by Chahl and Gopalakrishnan (2019) against PK-4
grain charge measurements(S. A. Khrapak et al., 2005; S. A. Khrapak et al., 2012; Ratynskaia et
al., 2004). We briefly review the model developed by Chahl and Gopalakrishnan (2019) before
describing additional calculations performed in this work to extend their model beyond 𝛹$ = 60
up to 𝛹$ ≤ 300.
Scaling of 𝛽. with

H( I) (/" ,L0 )
I* (/" ,L0 )

as a reference length and

3'
G'

as a reference timescale leads

‘3I

to non-dimensional particle-ion collision rate coefficient 𝐻 = G'H#'I$* . Likewise, scaling of 𝑘> 𝑇.
' ( )

allows the derivation of the grain-ion diffusive Knudsen number 𝐾𝑛# =

J3' @% A' I*
H( I)

. 𝐾𝑛# also

parameterizes the relative importance of ballistic/vacuum ion transport to continuum/diffusive
H( I) 3 '

ion transport timescales: a ratio of the ballistic timescale I
v

H( I) , G'
w @ A
I*
% '

* J@% A'

to the diffusion timescale

yields 𝐾𝑛# . In terms of this scaling, eq. 3a and 4a are expressed as:
𝐾𝑛# → ∞: 𝐻 = √8𝜋𝐾𝑛# … (5𝑎)
𝐾𝑛# → 0: 𝐻 = 4𝜋𝐾𝑛#, … (5𝑏)

At intermediate pressures, or for intermediate 𝐾𝑛# , the LD methodology of Chahl and
Gopalakrishnan (2019) to develop a model 𝐻 = 𝐻(𝐾𝑛# , 𝛹$ , 𝑆# ) consists of using the Langevin
equation (Chandrasekhar, 1943) to describe ion trajectories near a charged grain to infer the
grain-ion collision time distribution in the presence of gas molecules. The effect of neutrals on
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the motion of the ion is captured implicitly through the use of a neutral drag force on the ion and
a stochastic Gaussian function to mimic ion thermal motion(V. Suresh & Gopalakrishnan, (in
review)). The grain-ion collision time distribution is calculated in a periodic domain by
performing a statistically significant number (~2000) of trials as described elsewhere(Chahl &
Gopalakrishnan, 2019; R. Gopalakrishnan & C. J. Hogan, Jr., 2012; R. Gopalakrishnan, T.
Thajudeen, et al., 2013; Li Li et al., 2020; Ouyang et al., 2012b). The non-dimensional ion flux
coefficient 𝐻 is parameterized as:
𝐻(𝐾𝑛# , 𝛹$ , 𝑆# ) = 𝑒 D 𝐻KL (𝐾𝑛# ) … (6𝑎)
Here, 𝜇 is an empirical parameter that depends on 𝐾𝑛# , 𝛹$ , 𝑆# :

𝜇(𝐾𝑛# , 𝛹$ , 𝑆# ) =
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}

, 𝑘 ≠ 0 … (6𝑏)

𝐻KL (𝐾𝑛# ) is an expression for 𝐻 derived for the limiting case of hard-sphere interactions (𝛹$ =
0) between the grain and ion, described in prior work(Gopalakrishnan & Hogan, 2011b):
𝐻(𝐾𝑛# , 𝛹$ = 0) = 𝐻KL (𝐾𝑛# ) =

4𝜋𝐾𝑛#, + 25.836𝐾𝑛#- + √8𝜋𝐾𝑛# (11.211𝐾𝑛#- )
… (6𝑐)
1 + 3.502𝐾𝑛# + 7.211𝐾𝑛#, + 11.211𝐾𝑛#-

Eq. 6 (6a, 6b and 6c) represents a model for 𝐻 as a function of 𝐾𝑛# , 𝛹$ , 𝑆# and converges to the
limits of eq. 5a and 5b, as 𝐾𝑛# → ∞ and 𝐾𝑛# → 0, respectively. We carried out additional
trajectory simulations following the methodology of Chahl and Gopalakrishnan (2019) to
calculate 𝐻(𝐾𝑛# , 𝛹$ , 𝑆# ) for 𝛹$ = 60, 100, 200, 300; 𝑆# = 20,100, ∞ and 0.01 ≤ 𝐾𝑛# ≤
2000. For the low to transition 0.01 ≤ 𝐾𝑛# ≤ 100, a first order time-stepping scheme(Ermak &
Buckholz, 1980) was used and for transition to high 10 ≤ 𝐾𝑛# ≤ 2000 a fourth order RungeKutta time stepping scheme(Kasdin, 1995) was employed to solve for the trajectories. Both
numerical methods were used between 10 ≤ 𝐾𝑛# ≤ 100 to ensure that the choice of numerical
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methods had no influence on the calculated 𝐻 values. The details of the numerical methods and
other simulation details are described elsewhere(Chahl & Gopalakrishnan, 2019; V. Suresh &
Gopalakrishnan, (in review)) and we present only the simulation results and a revised fit for
𝜇(𝐾𝑛# , 𝛹$ , 𝑆# ) here. Figure C.1 presents the variation of 𝜇(𝐾𝑛# , 𝛹$ , 𝑆# ) for 𝛹$ =
60, 100, 200, 300 and for 𝑆# = 20, 100, ∞. The fit constants 𝐴, 𝐵, 𝐶, 𝑘 that appear in eq. 6b
depend on 𝛹$ , 𝑆# and are summarized in Table C.1 for 0.01 ≤ 𝐾𝑛# ≤ 2000, 0 < 𝛹$ ≤ 300
and 0 < 𝑆# < ∞. 𝑆# → ∞ represents dilute ion concentrations or an unscreened grain interacting
through the pure Coulomb potential with the ion. On the other hand, 𝑆# → 0 represents a
completely screened grain typical of high ion concentrations. However, as 𝑆# → 0, at high ion
'(/concentration the average inter-ion spacing 𝑛.
becomes comparable with the grain-ion
H( I)
interaction distance I and it will be necessary to take into account ion-ion interactions in the
*

Langevin framework(Vikram Suresh, Liu, & Gopalakrishnan, 2020). The potential employed
/
=
here 𝜑(𝑟) = − =" exp v− L w, derived by the linearization of the Poisson-Boltzmann equation,
0

neglects ion-ion interaction and includes only the screening of grain charge. Thus, the presented
H( I
'(/analysis is not valid at ion concentrations wherein 𝑛. ~ ≪ I ) , note that the ion Debye length
*
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'

3

𝜆# ~𝑛. $ . The developed model 𝐻CO.5 is plotted in

Figure 4.1 along with the calculations of using Langevin Dynamics simulations 𝐻M# for 𝛹$ =
60, 100, 200, 300 for 𝑆# = 20, 100, ∞. Also shown are the OML limit (eq. 5a) and continuum
limit (eq. 5b). Figure C.2 is an accompanying plot to Figure 1 that displays the % difference
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Figure 4.1: Plots of the non-dimensional ion flux coefficient 𝐻(𝐾𝑛# , 𝛹$ , 𝑆# ) for 𝛹$ =
60, 100, 200, 300 for 𝑆# = 20, 100, ∞ for 0.01 ≤ 𝐾𝑛# ≤ 2000 . In each panel, Langevin
Dynamics-inferred 𝐻M# is plotted using green filled circles and the predictions of the LD-based
𝛽. model (eq. 6) is shown using the blue dashed line. Also shown are the continuum limit (eq.
K+,.I dashed lines. To be read in conjunction with Figure
5a) and free
molecular
(eq.as
5b)
between
𝐻CO.5
and 𝐻M#limit
defined
v1as−black
w %. It is evident from Figure S2 that eq. 6 describes
K
/0

S2 that shows the % difference between 𝐻M# and
137𝐻CO.5 .

𝐻 or the non-dimensional form of 𝛽(𝑝, 𝑖) within ±10% without any bias and may be considered
as model for 0 < 𝐾𝑛# ≤ 2000, 0 < 𝛹$ ≤ 300 and 0 < 𝑆# < ∞, pending experimental
validation that we describe next.
4.3 Experimental validation of particle-ion collision rate constant model (eq. 6) against
measured grain charge in stationary plasmas
As was mentioned before, for highly charged micrometer-sized particles, the particle charge 𝑧̅&
may be considered to be mono-valued and calculated by equating the ion and electron currents,
neglecting electron emission, if any, during the experimental runs(S. A. Khrapak et al., 2005;
Ratynskaia et al., 2004):
𝛽(𝑧̅& , 𝑖)𝑛. = 𝛽i𝑧̅& , 𝑒j𝑛C … (7𝑎)
𝛽i𝑧̅& , 𝑒j, the particle-electron collision rate constant or the electron flux coefficient is calculated
using collisionless OML model for repulsive interactions:
𝑧̅& (−1)𝑒 ,
8𝑘> 𝑇C (/, ,
𝛽i𝑧̅& , 𝑒j = ~
‚ 𝜋𝑎& exp x−
y … (7𝑏)
𝜋𝑚C
4𝜋𝜀< 𝑎& 𝑘> 𝑇C
The high negative charge on grains leads to a reduction of electron concentration in the plasma
compared to ions leading to

_+
_'

< 1. Global charge conservation imposes the following constraint

while solving eq. 7a for 𝑧̅& :
𝑛. = 𝑛C + 𝑧̅& 𝑛& … (7𝑐)
Thus, the grain concentration 𝑛& also influences grain charge along with ion and electron flux
transport. At low grain concentrations, the charge scavenging by grains may be neglected. Eq. 7
(7a, 7b and 7c) is solved for 𝑧̅& using a simple graphical technique with the constraint that 𝑧̅& is
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an integer. The measured grain parameters (size and number concentration), ion, electron
temperature and number concentration reported(S. A. Khrapak et al., 2005; Ratynskaia et al.,
2004) are summarized in Table C.2-A and -B and the experimental uncertainties in the electron
temperature, electron number density, particle drift velocities and electric field are summarized
in Tables C.2-C. The reported parameters and uncertainties are used to estimate the nominal
C6&

value and uncertainty in the experimentally measured charge 𝑧& .
The influence of the grain concentration 𝑛& was analyzed by calculating the grain charge 𝑧̅& ,
with and without considering scavenging of electrons by grains – Eq. 7a and eq. 7c are solved
with an experimentally estimated grain concentration 𝑛& = 100

#
23#

and 𝑛& = 0, respectively.

The estimates for 𝑧̅& in both cases differed no more than a few % for the datasets considered
here, that shows that the negative charge partitioning between grains and electrons is negligible
and that most of the negative charge is carried by the electrons in the plasma. The reminder of
the analysis uses the grain charge 𝑧̅& calculated using eq. 7a, while assuming 𝑛. = 𝑛C or 𝑛& = 0
in eq. 5c. In Figure 4.2, charge on grains of radius 0.6 𝜇𝑚 in the pressure range of 20 − 100 𝑃𝑎
reported by Ratynskaia et al. (2004) are plotted in panel A. Experimentally measured charge with
uncertainties (using two methods: force balance for a low number of particles shown as black
filled circles and force balance for a high number of particles shown as blue filled squares) and
computed charge (using two methods: molecular dynamics (MD) simulations shown as red filled
triangles and solutions to the linear dispersion relation shown as green filled diamonds) are
presented. 𝑧&C6& is used to collectively denote the experimental and computationally determined
charge grain datasets used for comparison with model predictions. 𝑧̅& , the grain charge calculated
using the LD-based 𝛽(𝑧̅& , 𝑖) model is shown as a black solid line in panel A. Upper and lower
bounds of the prediction, taking into account the measurement uncertainty in electron
139

temperature and number concentration are shown as black dashed lines. The equations used to
estimate the prediction bands is provided in Appendix.C. The difference between predictions and
B̅

(
experiment are quantified as B +:(
(panel B) and with reference lines at 0.7, 0.8, 1.2, 1.3 to show
(

identify data points with ±30% and ±20% agreement with validation datasets(S. A. Khrapak et
al., 2005; Ratynskaia et al., 2004). Figure 4.2-A clearly demonstrates that the LD-based 𝛽(𝑧̅& , 𝑖)
model (eq. 4) reproduces the trend observed in the experiment and Figure 4.2-B shows excellent
agreement within ±20%. Panels (C, D) , (E, F) and (G, H) show comparisons of electric charge
for grains of radius 0.6 𝜇𝑚, 1 𝜇𝑚, and 1.3 𝜇𝑚, respectively, reported by S. A. Khrapak et al.
(2005) and corresponding predictions i𝑧̅& j as a function of gas pressure in the range of 20 −
150 𝑃𝑎. Similar to panels (A, B), the LD-based 𝛽. model’s charge predictions agree very well
with 𝑧&C6& for all the three grain sizes as shown in panels C, E, G. Panels D, F, H illustrate this as
well, showing the ratio of the predicted grain charge 𝑧̅& to 𝑧&C6& : nominally, the LD-based
𝛽(𝑧̅& , 𝑖) model predicts grain charge to within ±35% in dilute dusty plasmas (with grain
concentration 𝑛& ≤ 100 𝑐𝑚'- and ion concentration 𝑛. ≤ 10E 𝑐𝑚'- ) for pressures up to
150 𝑃𝑎. It can be clearly observed that most of the data (measured and computed) fall in the
range between the upper and lower prediction band (the black dashed lines in panels A, B, C, D
above and below the model prediction curve). There is some deviation of experimental
measurements from the theoretical model at lower pressures < 50 𝑃𝑎, while at higher pressures
up to ~150 𝑃𝑎 there is excellent agreement without appreciable bias. The range of nondimensional parameters probed by the experimental data is summarized in Table C.2-D as 76 <
𝛹$ < 137, 42 < 𝑆# < 189, 9 < 𝐾𝑛# < 354.
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Figure 4.2: (A, B) Plot of the magnitude of particle charge 𝑧&M# as a function of gas pressure 𝑝9 showing
experimental data 𝑧&C6& reported by Ratynskaia et al. (2004) for particle radius 𝑎& = 0.6 𝜇𝑚 as discrete
data points (“exp” denotes experimentally obtained grain charge: black filled circles for a low number
force balance method, blue filled squares for a high number force balance method along with reported
uncertainties; “sim” denotes computated grain charge: red filled triangles for MD simulations, green filled
diamonds for solutions to a dispersion relation). Particle charge 𝑧&M# calculated by solving eq. 7 with the
LD-based 𝛽. model (eq. 6) is shown using the black solid line. Black dashed lines are used to denote the
upper and lower prediction bands of the model calculation. B. Plot of

B(/0

+:(

B(

with reference lines at

0.7, 0.8. 1.2, 1.3 (black dashed lines) to show ±20%, ±30% difference between the validation data and
model predictions. (C, D) Plot of 𝑧&M# as a function of 𝑝9 showing 𝑧&C6& data reported by S. A. Khrapak et
141
B /0

(
al. (2005) for 𝑎& = 0.6 𝜇𝑚 and the corresponding B +:(
. (E, F) 𝑧&M# i𝑝9 j along with 𝑧&C6& data reported by
(

4.4 𝜷(𝒑, 𝒊) model for particle at low iÉ𝒛𝒑 É~𝟎j and high i−𝒛𝒑 ≫ 𝟎j charge levels
Before we describe our modeling of the particle charge distribution in the plasma afterglow by
solving eq. 2 and the assumptions therein to obtain the particle charge distribution, we briefly
summarize the 𝛽(𝑝, 𝑖) model derived by Li Li et al. (2020) that accounts for both Coulomb and
image potential interactions at finite gas pressures. Similar to 𝛹$ , the potential energy associated
with electrostatic image or polarization forces on the ion is parameterized by a dimensionless
’ '(

B'$ C $

ratio: 𝛹% = ’> *( lF’
>

/

B

. By definition 𝛹% > 0 and the ratio |/ ! | = œB ' œ captures the relative
A

5 H( @% '

"

(

importance of the image potential to the coulomb potential on particle-ion collisions. It is readily
seen that the image potential is most important for low charge levels on particles iÉ𝑧& É → 0j and
may be ignored otherwise i−𝑧& ≫ 0j. Li Li et al. (2020) provide an extension of eq. 6b by
/

modifying the scaling analysis of Section II-A to include |/ ! | while assuming 𝑆# → ∞ (dilute ion
"

concentrations) and provide succinct regressions for the continuum and free molecular
/

enhancement factors 𝜂2 (𝛹$ , 𝛹% ), 𝜂G (𝛹$ , 𝛹% ) in the range −60 ≤ 𝛹$ ≤ 60, 0 ≤ |/ ! | ≤ 1
"

therein(Li Li et al., 2020). Appendix-C presents 𝐴, 𝐵, 𝐶, 𝑘 values applicable for −60 ≤ 𝛹$ ≤
/

60, 0 ≤ |/ ! | ≤ 1 to describe aerosol particle charging in the 0 < 𝐾𝑛# ≤ 2000 mass transfer
"

regime using eq. 6a. This parameterization (eq. 6) has been tested against both experimentally
measured unipolar and bipolar charge distributions for spherical aerosol particles and in a later
report, Li and Gopalakrishnan (2021b) generalize eq. 6 to particles of arbitrary shapes as well.
for the same range of 𝛹$ , 𝛹% , 𝐾𝑛# along with comparison to bipolar diffusion charging data.
Thus, to calculate 𝛽(𝑝, 𝑖), the extended model of Chahl and Gopalakrishnan (2019) described in
Appendix-C (𝐴, 𝐵, 𝐶, 𝑘 regressions summarized in Appendix-C) is used for 60 < 𝛹$ ≤ 300, 0 <
𝑆# < ∞, 0 < 𝐾𝑛# ≤ 2000 when the magnitude of particle charge is much higher than zero
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i−𝑧& ≫ 0, 𝛹$ > 60j. For low particle charge levels iÉ𝑧& É → 0, 𝛹$ ≤ 60j, the 𝛽(𝑝, 𝑖) developed
by Li Li et al. (2020) (𝐴, 𝐵, 𝐶, 𝑘 regressions summarized in Table A.1) are used for −60 ≤ 𝛹$ ≤
/

60, 𝑆# → ∞, 0 ≤ |/ ! | ≤ 1, 0 < 𝐾𝑛# ≤ 2000.
"
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4.5 Estimation of particle charge distribution in the afterglow with spatially varying ion
and electron concentrations
Particle charging in the afterglow is system- as well as process-specific and is modeled here
taking into account the dimensions of the flow reactor, gas flow and plasma conditions employed
while measuring the particle charge distribution 𝑓& i𝑑& j as a function of particle diameter 𝑑& .The
plasma reactor used by Sharma et al. (2020) is a cylindrical tube of inner diameter 2𝑅 = 2 𝑚𝑚
with an active plasma region of length 2 cm and an afterglow that was nominally considered to
be 𝐿 = 2 𝑐𝑚. Argon gas flow rate 𝑄 = 1 𝑆𝐿𝑃𝑀 was used and is assumed here to be of uniform
‡

velocity F~$ through the reactor. AC and RF power driven non-thermal plasmas were
investigated experimentally(Sharma et al., 2020) but we choose to model only the dataset
corresponding to an RF power of 2.5 W. The LD-based 𝛽(𝑝, 𝑖) model is dependent on the
concentration and temperature of the ions but does not directly depend on the type of plasma
excitation (RF/AC) used for ionization of the background gas. The electron concentration 𝑛C
estimated by the authors and measured electron temperature 𝑘> 𝑇C vary no more than a factor of 2
over the 2.5 – 45 W RF power range absorbed by the plasma in the experiments. Hence, for
simplicity, we take 𝑛C = 0.5 × 10(0 𝑚'- , 𝑘> 𝑇C = 0.51 𝑒𝑉, 𝑇. = 𝑇9 = 300 𝐾 in the plasma. The
estimate of 𝑛C is based on the remarks of Dhawan et al. (2020), a follow-up study to the
observations reported by Sharma et al. (2020), that a choice of 2.5 × 10(0 𝑚'- leads to
reasonable agreement between the characteristic charging time analysis and their experimental
results. The ion and electron concentration that exists at the end of the plasma region (the start of
the afterglow) influences the charge distribution strongly and the influence of the same on the
charge distributions will be discussed shortly along with comparison of predictions to
measurements. The gas temperature is assumed to be 𝑇9 = 300 𝐾 although Sharma et al. (2020)
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and prior work(Xu & Doyle, 2016) suggests that there is significant heating of the gas by the
plasma species. While the axial temperature profile or downstream temperature was not
measured presumably, because of ~1 mm tube diameter, modeling the same is considered
beyond the scope of this work because the collisional heating of the gas by plasma generated
species in not fully understood theoretically yet. The ion diffusion constant 𝐷. is calculated based
=
, '( '(
on the reduced mobility 𝜇}=
𝑉 of 𝐴𝑟 * reported by McAfee, Sipler, and Edelson
4 = 1.4 𝑚 𝑠

(1967) at 𝑝9 = 760 𝑡𝑜𝑟𝑟, 𝑇9 = 300 𝐾 using the Stokes-Einstein equation: 𝐷. =
@% A'
C

45Q

A

&
=
𝜇}=
‚ v,4-.(5
w. The electron diffusion constant 𝐷C = 0.0681 𝑚, 𝑠 '( 𝑉 '( reported in a
4 ~
&
&

recent study(Abuyazid et al., 2020) at 300 K and atmospheric pressure in Argon was used. The
particle diffusion constant 𝐷& is also calculated using the Stokes-Einstein equation with the
particle friction factor 𝑓& evaluated as 𝑓& =

5FD& H(

S
2 #
(*•3 ˆ•$ *•_∙C TD ‰

and 𝐷& =

@% A&
G(

. Here, corresponding

to air(Rader, 1990): 𝛼( = 1.257, 𝛼, = 0.4, 𝛼- = 1.1 (not argon, because values for argon are not
available and that the coefficients only weakly vary with gas) and 𝜇9 = (2.25 ×
,q5.(0 •*(l(.l •

10'0 𝑃𝑎. 𝑠) v

A(•)*(l(.l •

A(•)

#
$

w v(l(.l • w is the argon gas viscosity for the experimental
–

conditions. 𝐷& is used for all particles regardless of their charge state 𝑝. 𝐾𝑛 = H& is the particle
(

D

&

&
momentum Knudsen number based on the gas mean free path 𝜆9 = Q.lqqŸ
; 𝜌 = ~A& is the gas
2̅ 9
&

&

3

E@% A& $

density, 𝑐̅ = ~ F3 ‚ is the gas molecule mean thermal speed and 𝑚9 is the mass of a gas
&

molecule. Owing to the species residence time in the plasma 𝑡= =
(

F~ $ M
‡

~4 × 10'- 𝑠 being larger

than the particle-ion collision time 𝜏 = ‘(Q,.)_ ~2 × 10'l 𝑠 for 100 nm particle colliding with an
'
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ion at 𝑛. ~0.5 × 10(0 𝑚'- and based on 𝛽(𝑝 = 0, 𝑖)~10'(( 𝑚- 𝑠 '( atmospheric pressure and
300 K, it is assumed that particle charge distribution attains a steady state during flow through
the plasma and the afterglow and the species transport equations for the ion, electron and
particles carrying 𝑝 charges (eq. 2) are solved in 2-D axisymmetric cylindrical coordinates (𝑟, 𝑧)
using COMSOL® Multiphysics commercial software with these choices for rate constants:
1. Assuming that diffusion is the dominant loss mechanism for both ions and electrons, the
ion-electron recombination rate in the afterglow is neglected from both eq. 2a and 2b for
simplicity: 𝑅.C = 0.
2. 𝛽(𝑝, 𝑖) = 𝐻

# I$
G' H(
)

3 ' I*

is calculated using eq. 6 with the parameter 𝜇 given by Appendix-C
/

for 60 < 𝛹$ ≤ 300 and given by Appendix-C for −60 ≤ 𝛹$ ≤ 60, 0 ≤ |/ ! | ≤ 1 for 0 <
"

&(*()C $

𝐾𝑛# ≤ 2000. As mentioned before, 𝛹$ = − lF’
J3' @% A' I*
G' H(

I)

5 H( @% A'

’ '(

(*()$ C $

; 𝛹% = ’> *( lF’
>

5 H( @% A'

; 𝐾𝑛# =

; 𝜂G (𝛹$ , 𝑆# ), 𝜂2 (𝛹$ , 𝑆# ) are calculated using eq. 3b and eq. 4b, respectively, for

60 < 𝛹$ ≤ 300 and 𝜂G (𝛹$ , 𝛹% ), 𝜂2 (𝛹$ , 𝛹% ) are calculated using the regressions presented
by Li Li et al. (2020) for −60 ≤ 𝛹$ ≤ 60. Finally, 𝑑& ~15 − 80 𝑛𝑚 𝑀𝑔𝑆𝑂l particles are
considered to be perfectly conducting (𝜀= → ∞) in our analysis.
3. 𝛽(𝑝, 𝑒) is calculated using the OML model (eq. 3) including Coulomb potential only:
8𝑘> 𝑇C (/, ,
𝛽(𝑝, 𝑒) = ~
‚ 𝜋𝑎& 𝜂G (𝛹$C ) … (8𝑎)
𝜋𝑚C
𝜂G (𝛹$C )
𝛹$C

1 + 𝛹$C , 𝛹$C ≥ 0
=Ô
… (8𝑏)
exp(𝛹$C ) , 𝛹$C ≤ 0
𝑝(−1)𝑒 ,
=−
… (8𝑐)
4𝜋𝜀Q 𝑎& 𝑘> 𝑇C
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Eq. 2 is solved in an axisymmetric cylindrical domain 𝑟 𝜖 [0, 𝑅 = 1 𝑚𝑚], 𝑧 𝜖 [0, 𝐿 = 2 𝑐𝑚] with
zero concentration at the tube wall (𝑟 = 𝑅, 𝑧) and zero flux at the outlet (𝑟, 𝑧 = 𝐿):
𝑟 = 0, 𝑧:

𝜕𝑛. 𝜕𝑛C 𝜕𝑛&
=
=
= 0 … (9𝑎)
𝜕𝑟
𝜕𝑟
𝜕𝑟

𝑟 = 𝑅, 𝑧: 𝑛. = 𝑛. = 𝑛& = 0 … (9𝑏)
𝑟, 𝑧 = 𝐿: −𝐷.

𝜕𝑛&
𝜕𝑛.
𝜕𝑛.
= −𝐷C
= −𝐷&
= 0 … (9𝑐)
𝜕𝑧
𝜕𝑧
𝜕𝑧

At the inlet (𝑟, 𝑧 = 0), the ion and electron concentrations are taken to be equal to the
magnitudes in the plasma region upstream (𝑧 < 0):
𝑟, 𝑧 = 0: 𝑛. = 𝑛C = 𝑁2Q … (9𝑑)
𝑟, 𝑧 = 0: 𝑛& = 𝑁&Q … (9𝑒)
𝑁2Q chosen to be 0.5 × 10(0 𝑚'- and this choice is discussed shortly. The concentration of
particles carrying 𝑝 charges 𝑛& is determined from the 𝑀𝑔𝑆𝑂l aerosol particle size distribution,
reported by Sharma et al. (2020) when their aerosol generator with the plasma OFF and is taken
to be the size and number concentration entering the plasma region during the charging
measurements. Although a wide size distribution enters the plasma reactor, we consider the
charging of particles to be independent of the presence of particles of other sizes. Thus, in our
modeling, we assume that particles of fixed diameter are exposed to ions and electrons of the
same concentration although in reality, a wide size range of particles are simultaneously flowing
and interacting with ions. This assumption has implications for the available ion and electron
concentration to each particle and will be also discussed along with our choice of 𝑁2Q . The
number concentration of particles entering the afterglow is taken to the same as the concentration
entering the plasma region (neglecting diffusional losses) and is estimated as 𝑁&Q (𝑑& ) =
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g2
g € ¡ g(

∆ log 𝑑& . g €

g2
¡ g(

is the particle size distribution function measured by Sharma et al. (2020)

using aerosol electrical mobility analysis; 𝑐 is the number concentration of particles, 𝑑& is used
to denote particle diameter and ∆ log 𝑑& corresponds to the resolution of the reported g €
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g2
¡ g(

data.

The estimated particle concentration 𝑁&Q , after being exposed to the plasma region (𝑧 < 0),
attains a steady state (negative) charge 𝑧̅& (< 0) that is calculated by solving eq. 1 with 𝛽(𝑝, 𝑖)

Figure 4.3: A. Particle number concentration estimated from size distribution reported by Sharma et al. (2020)
(grey filled squares) used in eq. 9e and the particle charge calculated from eq. 8 as the state of charge of
particles exiting the plasma and entering the afterglow calculations (eq. 2) as a function of particle diameter
𝑑& . B. Fraction of charged particles (1 − 𝑓Q ) as a function of 𝑑& , obtained experimentally for RF powers of
2.5 W (red filled circles) and 18.9 W (blue filled circles) and model predictions (eq. 2) for 𝑛C = 5 × 10(l 𝑚'(green filled triangles), 𝑛C = 1 × 10(0 𝑚'- (dark grey filled diamonds) and 𝑛C = 2.5 × 10(0 𝑚'- (pink filled
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inverted triangles). C. % difference calculated as ~1 −

(('G5 )D 16×353V C2#
+
‚%
(('G5 )XY

between experimental data (RF

given by eq. 6 and with regression parameters in Appendix-C and 𝛽(𝑝, 𝑒) given by eq. 9.
Figure 4.3-A presents 𝑁&Q (𝑚'- ) used in eq. 9e and 𝑧̅& that is for each particle size considered as
a function of the particle diameter 𝑑& (𝑛𝑚). For each particle, depending on the charge 𝑧̅& (< 0)
with which it enters the afterglow, 𝑝 is varied between 𝑧̅& − 2 to +4 to capture the evolution of
the charge distribution as a function of axial position 𝑧; eq. 2c represents i5 + É𝑧̅& − 2Éj
equations to track the concentration 𝑛& of particles carrying 𝑝 charges. At the outlet of the
computational domain (𝑟, 𝑧 = 𝑅), the particle charge distribution 𝑓& is calculated for comparison
with corresponding measurements(Sharma et al., 2020) as:
𝑓& =

〈𝑛& (𝑟, 𝑧 = 𝑅)〉=
*l
∑&PB̅( ',〈𝑛& (𝑟, 𝑧 = 𝑅)〉=

… (10)

〈∙〉= denotes averaging over the cross section at a particular 𝑧. 𝑓& calculated using eq. 11 is
compared with corresponding experimental data for 15 − 80 𝑛𝑚 𝑀𝑔𝑆𝑂l particles. The fraction
of charged particles (1 − 𝑓Q ) as a function of 𝑑& , obtained experimentally for RF powers of 2.5
W and 18.9 W is plotted in Figure 4.3-B along with corresponding model predictions for 𝑛C =
5 × 10(l 𝑚'- , 1 × 10(0 𝑚'- , 2.5 × 10(0 𝑚'- . Firstly, it is seen that the experimental data for
the two RF powers do not significantly differ from each other. Further, the predictions are seen
to be sensitive to 𝑛C and lead to best agreement with data for 5 × 10(l 𝑚'- . The % difference
calculated as ~1 −

(('G5 )D 16×353V C2#
+
‚%
(('G5 )XY

between experimental data and model predictions for

𝑛C = 5 × 10(l 𝑚'- shown in Figure 3.3-C is within ±20% nominally. As mentioned before, the
ion/electron concentration entering the afterglow region is strongly influenced by the particle
charging processes in the plasma region upstream. The volumetric loss rate of ions to particles
g P?

may be estimated as 𝑅&. = ∫g (PQ ∑&P*?
&P'? 𝛽i𝑝, 𝑑& , 𝑖j𝑓i𝑝, 𝑑& j g €
(
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¡ g(

𝑑 log 𝑑& , where 𝑓i𝑝, 𝑑& j is

the fraction of particles of charge state 𝑝 and size 𝑑& and 𝛽i𝑝, 𝑑& , 𝑖j is the corresponding
particle-ion collision rate constant. Since knowing 𝑓i𝑝, 𝑑& j apriori is, by-definition, not possible,
the ion concentration at the end of the plasma region, approximated as 𝑛. − 𝑅&. 𝜏, cannot be
estimated by modeling alone; 𝜏 =

F~ $ M
‡

is the residence time in the plasma region. Likewise, the

g P?

electron volumetric loss rate, 𝑅&C = ∫g (PQ ∑&P*?
&P'? 𝛽i𝑝, 𝑑& , 𝑒j𝑓i𝑝, 𝑑& j g €
(

gU
¡ g(

𝑑 log 𝑑& , also

determines the nominal electron concentration at the beginning of the afterglow region
i𝑛C − 𝑅&C 𝜏j. It is necessary that the ion and concentrations be known from measurement
towards the end of the plasma region, a challenging measurement to carry out, considering the
~1 mm radius of the cylindrical tube used for the plasma reactor. Another degree of freedom in
the model calculations is the gas temperature 𝑇9 that also strongly affects the model predictions.
Since it is known that the gas is warmed by the plasma, an average measure of the axial
temperature profile, also limited by the minute dimensions of the plasma reactor, is desirable to
be used in modeling of particle charging in plasma afterglows. Although the experimental data is
reported for each RF power employed in the range of 2.5 – 45 𝑊, our predictions do not depend
on power and are compared the data set based on RF power of 2.5 W, that themselves vary only
weakly with applied power(Sharma et al., 2020). As shown in Figure 4.4-A and -B for 𝑑& =
15 𝑛𝑚 and 𝑑& = 45 𝑛𝑚, respectively, charge fractions measured at various powers only slightly
and are taken to be nominally the same as that measured at any power in that range; we chose the
dataset corresponding to 2.5 W. Our 𝑓& predictions are compared with experimental data in
Figure 4.4-C and -D for 𝑑& = 15 𝑛𝑚 and 𝑑& = 45 𝑛𝑚, respectively. In these comparisons, the
ion and electron concentrations used in the boundary condition (eq. 9d) are varied 𝑛C =
(0.5, 1, 2.5) × 10(0 𝑚'- to show the sensitivity of ion/electron concentration at the beginning of
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the afterglow on the steady-state charge distributions attained further downstream. In the
experimental runs, it is seen that most of the particles attain a neutral charge distribution with
most of the particles having −1, 0 or +1 charges. In terms of measuring their number
concentration using a condensation particle counter with an aerosol differential mobility analyzer
upstream to select particles based on their charge to drag ratios, as was employed by Sharma et
al. (2020), these charge fractions are measured with lower counting uncertainty compared to
charge states of ±2, ±3, …. Thus, our model predictions are able to reproduce the most reliably
measured moments of the charge distribution accurately with 𝑛C = 5 × 10(l 𝑚'- . It is also seen
that the charge distribution is shifted further to positive mean charge as 𝑛C is varied to
1 × 10(0 𝑚'- and 2.5 × 10(0 𝑚'- . This shows that the particle charge distribution can also be
controlled by varying 𝑛C in a non-thermal plasma and the need to measure 𝑛C in the presence and
absence of particles in future experiments order to enable modeling of particle charge using the
particle-ion collision rate constant model advanced here. Based on the number concentrations
reported in Figure 4.3-A and nominal 𝛽(𝑝 = 0, 𝑖), it can be estimated that 𝛽i𝑝 =
0, 𝑑& , 𝑖j g €

gU
¡ g(

𝑑 log 𝑑& is at least a factor 10l higher for larger for 100 𝑛𝑚 than 10 𝑛𝑚

particles. Thus, the ion/electron concentration reduction due to collisional charging is a
significant sink term for ~80 𝑛𝑚 particles than < 20 𝑛𝑚 nanoparticles. The experimental design
of Sharma et al. (2020) flew a polydisperse population of 𝑀𝑔𝑆𝑂l particles into the non-thermal
plasma before charge fractions were measured. It is recommended that using a mobility classifier
upstream of the non-thermal plasma to size-select or use monodisperse particles for
experimentation will allow the modeling of ion loss to particles of a fixed size and improve the
accuracy of using eq. 2. Currently, 𝑅&. and 𝑅&C are not included in eq. 2a and 2b and are likely to
&P*?
be much higher than ∑&P*?
&P'? 𝛽(𝑝, 𝑖)𝑛& 𝑛. and ∑&P'? 𝛽(𝑝, 𝑒)𝑛& 𝑛C included. In fact, based on our
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estimates, it is possible that

∑(14@
(12@ ‘(&,.)_( _'
~('

< 0.1. Thus, the reduced ion and electron

concentrations at the exit of the plasma producing good agreement with measured charge
fractions is not entirely fortuitous. A properly measured axial ion and electron concentration
profile will allow the prediction and design of plasma process conditions to tune the particle
charge distribution in the afterglow(Dhawan et al., 2020; van Minderhout et al., 2020). Another
assumption in the modeling is that the charging reactions attain a steady state within the
afterglow (based on the residence times of the particles in the plasma). While this assumption
certainly becomes better for particles > 100 nm, sub-80 nm particles considered here have
characteristic particle-ion collision times (the slower among particle-ion and particle-electron
collisions) and for ~10 nm particles, it is possible that the particles took much longer than the 2
cm region nominally taken to be the afterglow (in our modeling as well as in the
experiments(Dhawan et al., 2020; Sharma et al., 2020)). Inclusion of an unsteady term in eq. 2
thus becomes necessary for small particles and must be explored in future work. Finally, yet
another challenge in modeling particle charging in afterglows, for ~5 𝜇𝑚 sized particles in an
inductively coupled non-thermal plasma at ~90 𝑃𝑎 reported by van Minderhout et al. (2019), is
that exiting the plasma region the particle negative charge is −𝑧& ~4000𝑒 ' . Tracking ~4000
equations for each charge state in eq. 2c is practically difficult requiring a semi-continuous
sectional representation of charge state that transitions from continuous for highly charged states
i−𝑧& ≫ 0j to discrete iÉ𝑧& É~0j for low charge states. Qualitatively, the discussion presented
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here applies to the measurements of van Minderhout et al. (2019) as well and needs to be
modeled in future work.

Figure 4.4: (A, B) Experimentally measured charge fractions reported by Sharma et al. (2020) for 15 nm and
45 nm 𝑀𝑔𝑆𝑂l aerosol particles exposed to non-thermal plasmas driven by RF powers 2.5 – 25 W. It is seen
that the charge distribution is nominally insensitive to RF power for the presented data. (C, D) Comparison
between experimental data and predictions for 15 nm and 45 nm 𝑀𝑔𝑆𝑂l aerosol particles corresponding to
an RF power of 2.5 W only and three sets of model predictions (eq. 2) with 𝑛C = 5 × 10(l 𝑚'- , 1 ×
(0
104.6
,Conclusions
𝑛C = 2.5 × 10(0 𝑚'- . It is seen that the model accurately reproduces charge states of −1, 0, +1 well

and
thatthis
themodeling
choice of
nominal
ion/electron
concentration
significantly influences the particle charge
From
study,
we draw
the following
conclusions:
distribution.
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1.

The experimental data(S. A. Khrapak et al., 2005; Ratynskaia et al., 2004) on charging of

grains, radius 0.6 − 1.3 𝜇𝑚 in the pressure regime of 20 − 150 𝑃𝑎 in non-thermal DC
discharges in neon, provided a test of the LD-based 𝛽. model (eq. 6) in the parametric space of
76 < 𝛹$ < 137, 42 < 𝑆# < 189, 9 < 𝐾𝑛# < 354 (see Table C.2-D). The comparisons reveal
excellent agreement (within ±30% nominally) of LD-based 𝛽. model predictions for pressures
up to 150 𝑃𝑎 and earlier comparisons of aerosol diffusion charging data for spheres(Li Li et al.,
2020) and non-spherical shapes(Li & Gopalakrishnan, 2021b) (fractal aggregates, cylinders,
linear chains) in the parametric space of −47 < 𝛹$ < 47, 0.05 < 𝐾𝑛# < 59 yielded excellent
agreement (within ±20% overall) as well. This establishes the LD-based 𝛽. modelling
approach(Chahl & Gopalakrishnan, 2019; R. Gopalakrishnan & C. J. Hogan, 2012; R.
Gopalakrishnan, T. Thajudeen, et al., 2013; Li Li et al., 2020; Li & Gopalakrishnan, 2021b;
Ouyang et al., 2012a) to describe diffusion charging of particles in aerosols and dusty plasmas
alike in the limit of dilute space charge concentration and the absence of external electric fields.
Future work examining other complexities of particle charging such as charge fluctuations,
external electric fields, particle material (finite 𝜀= ) and high space charge effect (wherein the
'

3

'

3

nominal inter-ion separation 𝑛. # is comparable to the particle radius 𝑎& : 𝑛. # ~𝑎& ). The LD
methodology(V. Suresh & Gopalakrishnan, (in review)) has also been successfully applied for
collision rate constant model development to describe other particles processes such as
coagulation(Gopalakrishnan & Hogan, 2011b; T. Thajudeen et al., 2012) of and vapor
condensation(Gopalakrishnan et al., 2011a; Ouyang et al., 2012a) onto particles as well, and can
be used to include stated aspects of particle charging.
2.

This experimentally validated LD-based 𝛽. model (eq. 6) is applied to describe particle

charging in flow-through plasma afterglows taking into account the spatial variation of ions and
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electron concentrations in the experiments performed by Sharma et al. (2020). The comparisons
reveal that the charge fractions are sensitive to ion/electron concentration at end of the
plasma/beginning of the afterglow region and along with the axial gas temperature profile, it is
recommended that future experimental measurements attempt to measure the same to enable
precise modeling and control of particle charge in the afterglow. Experimentally(Dhawan et al.,
2020; van Minderhout et al., 2020), the use of additional biased electrodes has been reported to
obtain control over the particle charge that can also be achieved by varying the concentration of
free charges (ions and electrons) as well as the gas temperature.
3.

Taken together, the comparisons with particle charge measurements in stationary as well

as flow-through plasmas reveal that the Langevin Dynamics based particle-ion diffusion
charging models(Chahl & Gopalakrishnan, 2019; R. Gopalakrishnan, M. J. Meredith, et al.,
2013; Li Li et al., 2020; Li & Gopalakrishnan, 2021b; Ouyang et al., 2012a) to be robust and
reasonably accurate.
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Appendix
Appendix-A: Supporting Information for Chapter 2
Information included:
1. Regressions for 𝜇(𝐾𝑛# , 𝛹$ , 𝛹% ) and 𝐴(𝛹$ , 𝛹% ), 𝐵(𝛹$ , 𝛹% ), 𝐶(𝛹$ , 𝛹% ), 𝑘(𝛹$ , 𝛹% ).
2. Additional Figure A.1 and Figure A.2 to accompany from the main text
3. Steps for calculating 𝛽. for specified particle, ion and gas parameters
4. Ion properties used to compute theoretical charge distributions for comparison
5. Equation of Wiedensohler (1988) for bipolar charge fraction calculation
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Table A.1: Regressions for 𝜇(𝐾𝑛# , 𝛹$ , 𝛹% ) and 𝐴(𝛹$ , 𝛹% ), 𝐵(𝛹$ , 𝛹% ), 𝐶(𝛹$ , 𝛹% ), 𝑘(𝛹$ , 𝛹% ).
/

For 0 < 𝛹$ ≤ 60, 0 ≤ / ! ≤ 1, 𝐾𝑛# ≤ 2000:
"

(

(

𝐶
log 𝐾𝑛# − 𝐵 '@'(
log 𝐾𝑛# − 𝐵 '@
𝜇(𝐾𝑛# , 𝛹$ , 𝛹% ) = ~1 + 𝑘
‚
exp ƒ− ~1 + 𝑘
‚ „,𝑘 ≠ 0
𝐴
𝐴
𝐴
Regression fit

Fit coefficients (with 95% C. I.)
𝐴(𝛹$ , 𝛹% ) = 2.5

𝛹%
𝐵(𝛹$ , 𝛹% ) = 𝛽( (𝛹$ )𝛽, ~ ‚
𝛹$
𝛽( (𝛹$ ) = 𝑏( exp (−𝑏, 𝛹$ ) + 𝑏- log(1 + 𝑏l 𝛹$ )
𝛹%
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2
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𝛹$
𝛹%
𝛹%
𝛹%
𝛾 ~ ‚ = 𝑐l exp ~−𝑐0 ‚ + 𝑐5 exp ~−𝑐4 ‚
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𝑘(𝛹$ , 𝛹% ) = −0.061
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𝑏( = 4.528
𝑏, = 1.088
𝑏- = 0.7091
𝑏l = 1.537

𝑏0 = 0.0681
𝑏5 = 11.8439
𝑏4 = 0.9304
𝑏E = 0.0591

𝑐( = 11.36
𝑐, = 0.272
𝑐- = −10.33

𝑐l = 0.1087
𝑐0 = 11.9384
𝑐5 = 0.8880
𝑐4 = 0.1311

Figure A.1: Plots of the non-dimensional collision kernel 𝐻(𝐾𝑛# , 𝛹$ , 𝛹% ) for 𝛹$ = 3 (panel A),
𝛹$ = 5 (panel B) and 𝛹$ = 10 (panel C). The % difference defined as v1 −
is plotted in panels D, E, F.
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Figure A.2: Plots of the non-dimensional collision kernel 𝐻(𝐾𝑛# , 𝛹$ , 𝛹% ) for 𝛹$ = 20 (panel A),
𝛹$ = 40 (panel B) and 𝛹$ = 50 (panel C). The % difference defined as v1 −
𝛹$ is plotted in panels D, E, F.
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Steps for calculating 𝛽. particle, ion and gas parameters
Assumptions:
1. Dilute particle and ion concentration so that ion-ion and particle-particle interactions are
neglected.
2. Particles, ions and background gas molecules are in thermal equilibrium at a common
temperature of 𝑇9 .
3. Particle is a perfect sphere of diameter 𝑑& , is much heavier than the ion, and is made of
conducting material (dielectric constant = ∞)
4. Ion is a point mass of zero radius.
Step 0: Required parameters
Particle radius (m)

𝑓. =
𝑓. =

@% A'
#'

𝑎& =

𝑑&
2

Particle charge (integer)

𝑧&

Ion charge (integer)

𝑧. = ±1

Background gas temperature (K)

𝑇9

Ion mass (kg per molecule)

𝑚.

Ion friction factor (kg/s)

𝑓.

|B' |C
D'

3$

where 𝜇. is the ion mobility v 1.7 w or

where 𝐷. is the ion diffusion coefficient v

3$
1

w

Step 1: Calculate the particle-ion electrostatic potential energy normalized by ion thermal energy
𝑧& 𝑧. 𝑒 ,
𝛹$ = −
4𝜋𝜀< 𝑎& 𝑘> 𝑇9
𝛹$ > 0 for 𝑧& 𝑧. < 0 and 𝛹$ < 0 for 𝑧& 𝑧. > 0
Step 2: Calculate the particle-ion image potential energy normalized by ion thermal energy
𝛹% =

𝜀= − 1
𝑧., 𝑒 ,
𝜀= + 1 4𝜋𝜀< 𝑎& 𝑘> 𝑇9

Step 3: Calculate the continuum and free molecular enhancement factors for the combined
Coulomb-image interaction potential (non-dimensional):
𝜑(𝑟) = −

𝛹$
𝛹%
− , ,
𝑟
2𝑟 (𝑟 − 1)
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'(

?

1
𝜂2 (𝛹$ , 𝛹% ) = pq , expi𝜑(𝑟)j𝑑𝑟t
𝑟
(

The calculation of 𝜂G (𝛹$ , 𝛹% ) for combined Coulomb-image interactions (attractive and
repulsive) is performed using the methods described in detail elsewhere (R. Gopalakrishnan, T.
Thajudeen, et al., 2013; Ouyang et al., 2012b).
Step 4: Calculate the particle-ion diffusive Knudsen number 𝐾𝑛#
𝐾𝑛# =

{𝑚. 𝑘> 𝑇9 𝜂2
𝑓. 𝑎& 𝜂G

Step 5: Using the regression equations in Sec. S1, calculate the fit constants 𝐴, 𝐵, 𝐶, 𝑘 that
determine µ along with 𝐾𝑛#
Step 6: Using 𝐴, 𝐵, 𝐶, 𝑘, calculate 𝜇
log 𝐾𝑛# − 𝐵
⎧𝐶
~1 + 𝑘
‚
𝜇(𝐾𝑛# , 𝛹$ , 𝛹% ) = 𝐴
𝐴
⎨
⎩

(
'@ '(

(

log 𝐾𝑛# − 𝐵 '@
exp ƒ− ~1 + 𝑘
‚ „ , 𝛹$ > 0
𝐴
0, 𝛹$ ≤ 0

Step 6: Calculate the hard sphere value of 𝐻KL (𝐾𝑛# )
𝐻KL (𝐾𝑛# ) =

4𝜋𝐾𝑛#, + 25.836𝐾𝑛#- + √8𝜋𝐾𝑛# (11.211𝐾𝑛#- )
1 + 3.502𝐾𝑛# + 7.211𝐾𝑛#, + 11.211𝐾𝑛#-

Step 7: Calculate 𝐻
𝐻(𝐾𝑛# , 𝛹$ , 𝛹% ) = 𝑒 N 𝐻KL (𝐾𝑛# )
Step 8: Using the definition of 𝐻, calculate 𝛽. with appropriate units
𝛽. =

𝐻𝑓. 𝑎&- 𝜂G,
𝑚. 𝜂2
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Table A.2: Ion properties used to compute theoretical charge distributions for comparison
Table A.2-A: Ion mass and mobility reported by Adachi et al. (1985) used for theoretical unipolar
charge distribution calculations for ions of positive polarity (denoted with a subscript +) and
negative polarity (denoted with a subscript - )in this article. For theoretical bipolar charge
distribution calculations, both positive and negative ions properties are used and assumed to be of
equal concentration (𝑛.* = 𝑛.' ).
Vohra’s relationship
(Vohra et al., 1969)
Ion mobility (𝜇.± )

Mohnen’s relationship
(Mohnen, 1974)

𝜇.* = 1.4 × 10'l

𝑚,
𝑠. 𝑉

𝜇.* = 1.4 × 10'l

𝑚,
𝑠. 𝑉

𝜇.' = 1.9 × 10'l

𝑚,
𝑠. 𝑉

𝜇.' = 1.9 × 10'l

𝑚,
𝑠. 𝑉

Ion mass (𝑀.± )

𝑀.* = 0.109

𝑘𝑔
𝑚𝑜𝑙𝑒

𝑀.* = 0.130

𝑘𝑔
𝑚𝑜𝑙𝑒

𝑀.' = 0.050

𝑘𝑔
𝑚𝑜𝑙𝑒

𝑀.' = 0.100

𝑘𝑔
𝑚𝑜𝑙𝑒

Table A.2-B: Ion mass and mobility reported by Adachi, Okuyama, Kousaka, et al. (1987) used
for theoretical unipolar charge distribution calculations for inert gas ions in this article.
𝑵*
𝟐

𝑯𝒆*
Ion mobility (𝜇. )
Ion mass (𝑀. )

'-

1.04 × 10
0.004

𝑚,
𝑠. 𝑉

𝑨𝒓*
'l

1.87 × 10

𝑘𝑔
𝑚𝑜𝑙𝑒

0.028
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𝑚,
𝑠. 𝑉

𝑘𝑔
𝑚𝑜𝑙𝑒

'l

1.54 × 10
0.040

𝑚,
𝑠. 𝑉

𝑘𝑔
𝑚𝑜𝑙𝑒

Table A.2-C: Charging ion masses and mobilities reported by Gopalakrishnan et al. (2015a) (reposted with permission from the authors) used for calculating bipolar charge distributions for
comparison. For theoretical bipolar charge distribution calculations, the total concentration of all
positive and negative ions to be equal (𝑛 A* = 𝑛 A' ).

Mass
(Da)
69.05
85.06
100.07
101.05
109.08
111.10
113.11
114.08
117.09
123.03
127.11
135.10
136.02
143.11
145.13
149.04
149.13
151.13
152.14
155.12
158.17
169.15
177.09
199.22
201.17
205.14
217.19
219.21
223.08
279.22
327.19

UHP Air Ions
Mobility
Charge
(cm2s-1V-1)
1.84
1.98
2.15
2.15
2.07
1.51
1.31
1.90
1.79
1.69
2.07
1.88
2.01
1.71
1.69
1.44
1.72
1.69
1.50
1.67
1.62
1.36
1.71
1.34
1.61
1.44
1.51
1.60
1.61
1.44
1.31

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

Frac.

Mass
(Da)

0.0032
0.0040
0.0713
0.0137
0.0053
0.0057
0.0067
0.0077
0.0073
0.0050
0.0074
0.0231
0.0045
0.0051
0.0070
0.0092
0.0023
0.0038
0.0064
0.0044
0.0054
0.0026
0.0044
0.0041
0.0045
0.0041
0.0054
0.0086
0.0154
0.0088
0.0193

100.10
101.10
114.13
117.14
135.16
149.09
149.17
152.18
155.15
158.21
177.13
199.26
205.20
219.32
223.22
224.31
236.36
279.34
371.33
445.44
462.49
463.49
464.49
536.59
537.60
538.59
539.60
610.68
611.69
612.69
613.69
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CO2 Ions
Mobility
Charge
(cm2s-1V-1)
0.93
0.93
0.90
0.91
0.93
0.85
0.81
0.82
0.83
0.80
0.78
0.72
0.70
0.72
0.79
0.76
0.71
0.70
0.71
0.68
0.63
0.63
0.63
0.64
0.64
0.64
0.64
0.61
0.61
0.61
0.61

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

Frac.
0.1433
0.0159
0.0071
0.0041
0.0182
0.0037
0.0051
0.0162
0.0030
0.0090
0.0039
0.0037
0.0047
0.0035
0.0068
0.0033
0.0020
0.0117
0.0091
0.0060
0.0089
0.0035
0.0024
0.0219
0.0112
0.0080
0.0025
0.0162
0.0099
0.0079
0.0033

328.19
355.21
356.21
371.25
372.25
373.25
429.18
429.27
445.33
519.33
536.37
537.37
593.42
594.43
610.46
611.47
667.51
668.51
669.50
684.55
685.54
686.55
60.92
62.93
88.07
90.05
94.07
102.11
109.08
110.09
116.15
118.09
122.10
130.17
139.11
144.19
145.20
158.21
162.20

1.31
1.35
1.35
1.35
1.35
1.35
1.20
0.96
1.20
1.10
1.10
1.10
1.04
1.04
1.03
1.03
0.96
0.96
0.96
0.98
0.98
0.98
2.53
2.47
2.05
2.16
2.03
1.94
2.07
2.07
1.83
2.08
1.91
1.75
1.99
1.72
1.72
1.60
1.61

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1

0.0042
0.0161
0.0065
0.0327
0.0139
0.0102
0.0109
0.0038
0.0200
0.0083
0.0110
0.0062
0.0071
0.0046
0.0082
0.0052
0.0086
0.0062
0.0052
0.0092
0.0071
0.0060
0.0086
0.0329
0.0032
0.0113
0.0238
0.0034
0.0050
0.0066
0.0169
0.0106
0.0089
0.0070
0.0037
0.0547
0.0054
0.0257
0.0045

684.65
684.80
685.65
686.66
686.78
687.65
687.79
758.81
759.81
760.79
61.98
62.98
90.11
104.13
114.13
116.19
118.16
122.18
125.15
128.07
130.22
132.21
144.29
145.30
146.24
150.20
151.20
158.33
160.27
164.19
166.24
167.24
168.25
172.35
173.35
174.29
186.33
188.31
200.38
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0.59
0.59
0.59
0.59
0.59
0.59
0.59
0.57
0.57
0.57
0.99
1.01
0.92
0.92
0.98
0.84
0.87
0.84
0.93
1.05
0.81
0.85
0.79
0.79
0.79
0.80
0.80
0.75
0.81
0.93
0.80
0.80
0.80
0.74
0.74
0.79
0.75
0.78
0.72

1
1
1
1
1
1
1
1
1
1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1

0.0240
0.0113
0.0280
0.0144
0.0078
0.0077
0.0038
0.0110
0.0087
0.0074
0.0058
0.0401
0.0087
0.0049
0.0080
0.0127
0.0164
0.0085
0.0073
0.0044
0.0085
0.0056
0.0441
0.0038
0.0091
0.0143
0.0022
0.0125
0.0043
0.0047
0.0472
0.0073
0.0043
0.0140
0.0019
0.0044
0.0062
0.0032
0.0054

166.12
167.12
172.22
173.22
174.19
178.17
186.19
195.14
200.23
214.23
221.18
224.07
228.23
240.07
242.23
249.18
251.14
256.22
257.22
265.13
284.20
297.95
299.94
371.80
372.80
373.78

1.75
1.75
1.55
1.55
1.55
1.65
1.59
1.60
1.46
1.42
1.25
1.26
1.13
1.25
1.10
1.18
1.15
1.08
1.08
1.11
1.04
1.12
1.12
1.02
1.02
1.02

-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1

0.0184
0.0038
0.0271
0.0033
0.0033
0.0060
0.0062
0.0063
0.0109
0.0073
0.0159
0.0131
0.0192
0.0172
0.0105
0.0074
0.0067
0.0309
0.0057
0.0057
0.0044
0.0129
0.0058
0.0110
0.0038
0.0053

214.36
221.34
224.21
225.21
226.22
228.38
229.39
234.32
240.23
242.36
254.98
256.40
257.41
264.13
270.37
284.41
298.17
364.01
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0.71
0.79
0.74
0.74
0.74
0.70
0.70
0.73
0.74
0.69
1.09
0.68
0.68
0.78
0.67
0.66
0.70
0.75

-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1

0.0084
0.0028
0.0212
0.0050
0.0034
0.0234
0.0040
0.0049
0.0127
0.0136
0.0142
0.0408
0.0073
0.0023
0.0050
0.0065
0.0030
0.0017

Equation of Wiedensohler (1988) for bipolar charge fraction calculation
'

`∑6'15 H' (&)∙eS<935 fg( (_3)hi j

1 𝑛𝑚 ≤ 𝑑& ≤ 20 𝑛𝑚: 𝑓& = ž10

, 𝑝 = −1, 0, 1

0, 𝑝 = −2, 2
'

`∑6'15 H' (&)∙eS<935 fg( (_3)hi j

20 𝑛𝑚 < 𝑑& ≤ 1000 𝑛𝑚: 𝑓& = 10

, 𝑝 = −2, −1, 0, 1, 2

𝑎. (𝑝)

𝑝 = −2

𝑝 = −1

𝑝=0

𝑝=1

𝑝=2

𝑎Q

−26.3328

−2.3197

−0.0003

−2.3484

−44.4756

𝑎(

35.9044

0.6175

−0.1014

0.6044

79.3772

𝑎,

−21.4608

0.6201

0.3073

0.4800

−62.8900

𝑎-

7.0867

−0.1105

−0.3372

0.0013

26.4492

𝑎l

−1.3088

−0.1260

0.1023

−0.1544

−5.7480

𝑎0

0.1051

0.0297

−0.0105

0.0320

0.5059
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Appendix-B: Supporting Information of Chapter 3
Information Included:
1. Additional figures B.1-2.
2. Steps for calculation of length scales 𝑅1 and 𝑃𝐴 from measured quantities for the
agglomerate charging data reported in Maricq (2008) and Xiao et al. (2012)
3. Steps for calculation of length scales 𝑅1 and 𝑃𝐴 from measured quantities for the cylinders
charging data reported in Gopalakrishnan et al. (2015a)
4. Steps for calculation of particle mean charge 〈𝑝〉 for comparison with the experimental data
reported by Wen et al. (1984b)
5. Steps for calculating 𝛽. from specified particle shape, size, ion properties and gas
parameters
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Figure B.1:Calculations of the non-dimensional collision kernel 𝐻(𝐾𝑛# , 𝛹$ , 𝛹% ) for different test
/

shapes listed in Table 3.3 for cases of combined Coulomb and image interaction v0 < / ! ≤ 1w
"

/

/

plotted as a function of the diffusive Knudsen number 𝐾𝑛# for 𝛹$ = 30 and A) / ! = 0; C) / ! =
"

"

/

0.5; and E) / ! = 1. In panels A, C and E, the continuum limit (eq. 8a) and free molecular limit
"

(eq. 8b) of 𝐻 is shown using light black dashed lines with labels. Also shown using dark black
dashed line is eq. 10, a model for 𝐻(𝐾𝑛# , 𝛹$ , 𝛹% ) valid for combined attractive Coulomb-image
/

/

/

potential interactions. Panels B v/ ! = 0w, D v/ ! = 0.5w and F v/ ! = 1w, show, respectively, the %
"

"

difference with the same definition as in .
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"

Figure B.2: Calculations of the non-dimensional collision kernel 𝐻(𝐾𝑛# , 𝛹$ , 𝛹% ) for different test
shapes listed in Table II-A and Table II-B for cases of combined Coulomb and image interaction
/

/

v0 < / ! ≤ 1w plotted as a function of the diffusive Knudsen number 𝐾𝑛# for 𝛹$ = 7 and A) / ! =
"

/

"

/

0; C) / ! = 0.5; and E) / ! = 1. In panels A, C and E, the continuum limit (eq. 8a) and free
"

"

molecular limit (eq. 8b) of 𝐻 is shown using light black dashed lines with labels. Also shown using
dark black dashed line is eq. 10, a model for 𝐻(𝐾𝑛# , 𝛹$ , 𝛹% ) valid for combined attractive
Coulomb-image potential interactions. Panels B v

/!

/"

= 0w, D v

/!
/"

= 0.5w and F v

respectively, the % difference with the same definition as in Figure 3.5
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/!
/"

= 1w, show,

Table B.1: Ion properties used to compute theoretical charge distributions for comparison
Table B.1-A: Ion mass and mobility reported by Wiedensohler and Fissan (1991) for ions of
positive polarity (denoted with a subscript 𝑖 +) and negative polarity (denoted with a subscript
𝑖 −). Positive and negative ions are assumed to be of equal concentration (𝑛.* = 𝑛.' ).
Gas: Air
Set 1
Set 2
Ion mobility (𝝁𝒊± )

Ion mass (𝑴𝒊± )

𝜇.* = 1.4 × 10'l

𝑚,
𝑠. 𝑉

𝜇.* = 1.4 × 10'l

𝑚,
𝑠. 𝑉

𝜇.' = 1.6 × 10'l

𝑚,
𝑠. 𝑉

𝜇.' = 1.6 × 10'l

𝑚,
𝑠. 𝑉

𝑀.* = 0.140

𝑘𝑔
𝑚𝑜𝑙𝑒

𝑀.* = 0.140

𝑘𝑔
𝑚𝑜𝑙𝑒

𝑀.' = 0.101

𝑘𝑔
𝑚𝑜𝑙𝑒

𝑀.' = 0.120

𝑘𝑔
𝑚𝑜𝑙𝑒

Gas: Nitrogen

Set 1

Ion mobility (𝝁𝒊± )

Set 2
'l

𝜇.* = 2 × 10

𝑚,
𝑠. 𝑉

𝜇.' = 2.15 × 10'l
Ion mass (𝑴𝒊± )

𝑚,
𝑠. 𝑉

'l

𝜇.* = 2 × 10

𝑚,
𝑠. 𝑉

𝜇.' = 2.15 × 10'l

𝑚,
𝑠. 𝑉

𝑀.* = 0.110

𝑘𝑔
𝑚𝑜𝑙𝑒

𝑀.* = 0.110

𝑘𝑔
𝑚𝑜𝑙𝑒

𝑀.' = 0.060

𝑘𝑔
𝑚𝑜𝑙𝑒

𝑀.' = 0.090

𝑘𝑔
𝑚𝑜𝑙𝑒

Gas: Argon
Ion mobility (𝝁𝒊± )

Ion mass (𝑴𝒊± )

𝜇.* = 1.4 × 10'l

𝑚,
𝑠. 𝑉

𝜇.' = 1.7 × 10'l

𝑚,
𝑠. 𝑉

𝑀.* = 0.110

𝑘𝑔
𝑚𝑜𝑙𝑒

𝑀.' = 0.060

𝑘𝑔
𝑚𝑜𝑙𝑒

Table B.1-B: Charging ion masses and mobilities used to calculate the charge fractions for
comparison with the data reported by Johnson et al. (2020). The measurements of the ion mobility
distribution reported by Leppä et al. (2017) in conditions that closely resemble that found in the
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experiments of Johnson et al. are used. The value of 0.8 for the ratio of the maximum mobility of
positive ions 1.2 × 10'l 𝑚, 𝑠 '( 𝑉 '( to the maximum mobility of the negative ions 1.5 ×
10'l 𝑚, 𝑠 '( 𝑉 '( reported by both Johnson et al. and Leppa et al. match well. Also, the value of
1.2 for the ratio of the total concentration of positive ions 𝑛 A* (≡ ∑WXL
.P( 𝜃. ) and the total
U$V
concentration of negative ions 𝑛 A' (≡ ∑RP( 𝜃R ) reported by both studies match well. This justifies
our choice of using the ion mobility values reported by Leppa et al. to calculate charge distributions
for comparison with the charge distribution measurements of Johnson et al. The corresponding ion
masses are computed using the Stokes-Millikan equation as described in detail by Leppa et al.
Mobility 𝝁𝒊 (𝒎𝟐 𝒔'𝟏 𝑽'𝟏 )
0.0000620
0.0000644
0.0000668
0.0000692
0.0000716
0.0000740
0.0000764
0.0000788
0.0000812
0.0000836
0.0000860
0.0000884
0.0000908
0.0000932
0.0000956
0.0000980
0.0001004
0.0001028
0.0001052
0.0001076
0.0001100
0.0001124
0.0001148
0.0001172
0.0001196
0.0001220
0.0001244
0.0001268
0.0001292
0.0001316
0.0001340
0.0000995
0.0000991
0.0001009

Mass 𝑴𝒊 (𝑫𝒂)
1614.8
1503.7
1403.2
1311.9
1228.9
1153.0
1083.5
1019.7
960.9
906.7
856.5
810.0
766.9
726.7
689.3
654.3
621.6
591.0
562.3
535.3
509.9
486.0
463.5
442.2
422.1
403.1
385.1
368.0
351.8
336.4
321.8
633.6
638.5
615.1
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Charge 𝒛𝒊
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
−1
−1
−1

Relative abundance 𝜽𝒊
0.00014160
0.00077570
0.00128861
0.00331707
0.00756275
0.01010230
0.00838547
0.00621132
0.00575683
0.00541028
0.00514711
0.00527665
0.00622445
0.00783861
0.01089570
0.01451329
0.01925682
0.01870421
0.01740754
0.01675427
0.01826277
0.02657903
0.04141790
0.06617786
0.08557454
0.07501535
0.04453190
0.01299432
0.00311550
0.00022760
0.00001205
0.00009231
0.00000755
0.00026723

0.0001023
0.0001037
0.0001051
0.0001065
0.0001079
0.0001093
0.0001107
0.0001121
0.0001135
0.0001149
0.0001163
0.0001177
0.0001219
0.0001233
0.0001247
0.0001457
0.0001471
0.0001499
0.0001513
0.0001527
0.0001555
0.0001597

597.2
580.0
563.4
547.4
532.0
517.1
502.8
488.9
475.5
462.6
450.0
437.9
403.8
393.2
382.9
259.9
253.4
240.9
234.9
229.1
217.9
202.1

−1
−1
−1
−1
−1
−1
−1
−1
−1
−1
−1
−1
−1
−1
−1
−1
−1
−1
−1
−1
−1
−1
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0.00005745
0.00001031
0.00000963
0.00002451
0.00005538
0.00009977
0.00015783
0.00024965
0.00041761
0.00074961
0.00134160
0.00213949
0.00226060
0.00028209
0.00000525
0.00002560
0.00040741
0.06137592
0.13208323
0.12874302
0.12424251
0.00001506

Table B.1-C: Charging ion masses and mobilities in UHP air reported by Gopalakrishnan et al.
(2015a) used for calculating bipolar charge distributions for comparison. For theoretical bipolar
charge distribution calculations, the total concentration of all positive and negative ions to be equal:
U$V
𝑛 A* (≡ ∑WXL
.P( 𝜃. ) = 𝑛 A' (≡ ∑RP( 𝜃R ).
Mass 𝑴𝒊 (𝑫𝒂)

Mobility 𝝁𝒊 (𝒄𝒎𝟐 𝒔'𝟏 𝑽'𝟏 )

Charge 𝒛𝒊

Relative abundance 𝜽𝒊

69.05
85.06
100.07
101.05
109.08
111.10
113.11
114.08
117.09
123.03
127.11
135.10
136.02
143.11
145.13
149.04
149.13
151.13
152.14
155.12
158.17
169.15
177.09
199.22
201.17
205.14
217.19
219.21
223.08
279.22
327.19
328.19
355.21

1.84
1.98
2.15
2.15
2.07
1.51
1.31
1.90
1.79
1.69
2.07
1.88
2.01
1.71
1.69
1.44
1.72
1.69
1.50
1.67
1.62
1.36
1.71
1.34
1.61
1.44
1.51
1.60
1.61
1.44
1.31
1.31
1.35

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

0.0032
0.0040
0.0713
0.0137
0.0053
0.0057
0.0067
0.0077
0.0073
0.0050
0.0074
0.0231
0.0045
0.0051
0.0070
0.0092
0.0023
0.0038
0.0064
0.0044
0.0054
0.0026
0.0044
0.0041
0.0045
0.0041
0.0054
0.0086
0.0154
0.0088
0.0193
0.0042
0.0161

195

356.21
371.25
372.25
373.25
429.18
429.27
445.33
519.33
536.37
537.37
593.42
594.43
610.46
611.47
667.51
668.51
669.50
684.55
685.54
686.55
60.92
62.93
88.07
90.05
94.07
102.11
109.08
110.09
116.15
118.09
122.10
130.17
139.11
144.19
145.20
158.21
162.20
166.12
167.12

1.35
1.35
1.35
1.35
1.20
0.96
1.20
1.10
1.10
1.10
1.04
1.04
1.03
1.03
0.96
0.96
0.96
0.98
0.98
0.98
2.53
2.47
2.05
2.16
2.03
1.94
2.07
2.07
1.83
2.08
1.91
1.75
1.99
1.72
1.72
1.60
1.61
1.75
1.75

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
−1
−1
−1
−1
−1
−1
−1
−1
−1
−1
−1
−1
−1
−1
−1
−1
−1
−1
−1
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0.0065
0.0327
0.0139
0.0102
0.0109
0.0038
0.0200
0.0083
0.0110
0.0062
0.0071
0.0046
0.0082
0.0052
0.0086
0.0062
0.0052
0.0092
0.0071
0.0060
0.0086
0.0329
0.0032
0.0113
0.0238
0.0034
0.0050
0.0066
0.0169
0.0106
0.0089
0.0070
0.0037
0.0547
0.0054
0.0257
0.0045
0.0184
0.0038

172.22
173.22
174.19
178.17
186.19
195.14
200.23
214.23
221.18
224.07
228.23
240.07
242.23
249.18
251.14
256.22
257.22
265.13
284.20
297.95
299.94
371.80
372.80
373.78

1.55
1.55
1.55
1.65
1.59
1.60
1.46
1.42
1.25
1.26
1.13
1.25
1.10
1.18
1.15
1.08
1.08
1.11
1.04
1.12
1.12
1.02
1.02
1.02

−1
−1
−1
−1
−1
−1
−1
−1
−1
−1
−1
−1
−1
−1
−1
−1
−1
−1
−1
−1
−1
−1
−1
−1

197

0.0271
0.0033
0.0033
0.0060
0.0062
0.0063
0.0109
0.0073
0.0159
0.0131
0.0192
0.0172
0.0105
0.0074
0.0067
0.0309
0.0057
0.0057
0.0044
0.0129
0.0058
0.0110
0.0038
0.0053

Table B.1-D: Ion mass and mobility reported by Xiao et al. (2012) for ions of positive polarity
(denoted with a subscript 𝑖 +) and negative polarity (denoted with a subscript 𝑖 −). Positive and
negative ions are assumed to be of equal concentration (𝑛.* = 𝑛.' ).
Values used by Xiao et al.
(Xiao et al., 2012)
Ion mobility (𝝁𝒊± )

𝜇.* = 1.35 × 10'l
'l

𝜇.' = 1.6 × 10

𝑚,
𝑠. 𝑉
𝑚,
𝑠. 𝑉

Mohnen (1974)

𝜇.* = 1.4 × 10'l

𝑚,
𝑠. 𝑉

'l

𝑚,
𝑠. 𝑉

𝜇.' = 1.9 × 10

from Wiedensohler et al.
(1986)
Ion mass (𝑴𝒊± )

𝑀.* = 0.140

𝑘𝑔
𝑚𝑜𝑙𝑒

𝑀.* = 0.130

𝑘𝑔
𝑚𝑜𝑙𝑒

𝑀.' = 0.101

𝑘𝑔
𝑚𝑜𝑙𝑒

𝑀.' = 0.100

𝑘𝑔
𝑚𝑜𝑙𝑒

from Hussin et al. (1983)
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Table B.1-E: Ion mass and mobility reported by Maricq (2008) for ions of positive polarity
(denoted with a subscript 𝑖 +) and negative polarity (denoted with a subscript 𝑖 −). Positive and
negative ions are assumed to be of equal concentration (𝑛.* = 𝑛.' ).
Values used by Maricq (2008) from
Hinds (1999)
Ion mobility (𝝁𝒊± )

𝜇.* = 1.4 × 10'l

𝑚,
𝑠. 𝑉

'l

𝑚,
𝑠. 𝑉

𝜇.' = 1.6 × 10
Ion mass (𝑴𝒊± )

199

𝑀.* = 0.250

𝑘𝑔
𝑚𝑜𝑙𝑒

𝑀.' = 0.170

𝑘𝑔
𝑚𝑜𝑙𝑒

Table B.1-F: Ion mass and mobility reported by Wen et al. (1984b) for ions of positive polarity
(denoted with a subscript 𝑖 +) and negative polarity (denoted with a subscript 𝑖 −). Positive and
negative ions are assumed to be of equal concentration (𝑛.* = 𝑛.' ).
Mohnen (1974)
Ion mobility (𝝁𝒊± )

Ion mass (𝑴𝒊± )
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'l

𝜇.* = 1.4 × 10

𝑚,
𝑠. 𝑉

𝜇.' = 1.9 × 10'l

𝑚,
𝑠. 𝑉

𝑀.* = 0.130

𝑘𝑔
𝑚𝑜𝑙𝑒

𝑀.' = 0.100

𝑘𝑔
𝑚𝑜𝑙𝑒

Steps for calculation of length scales 𝑅1 and 𝑃𝐴 from measured quantities for the agglomerate
charging data reported in Maricq (2008) and Xiao et al. (2012)
1. Agglomerate primary particle diameter 𝑑& and fractal dimension 𝐷G reported by original
authors from image analysis is used.
2. Number of primary particles 𝑁& is calculated using the equation for electrical mobility of
agglomerates (𝑁& > 10) described in Lall and Friedlander (2006)
𝑐 ∗ 𝑁& 𝑑&,
𝑑3C
=
2𝜆9
12𝜋𝜆9
𝐶2 ~𝐷 ‚
3C
- 𝑐 ∗ = 9.17: dimensionless drag force on randomly oriented agglomerates
- 𝑑3C : electrical mobility diameter
,–

,–

g

-

𝐶2 v# & w = 1 + vg & w x𝐴( + 𝐴, 𝑒𝑥𝑝 ~−𝐴- ,–C+ ‚y: Cunningham slip correction factor

-

𝐴( = 1.257, 𝐴, = 0.4, 𝐴- = 0.55: slip correction coefficients (Rader, 1990) for air
(Ku & de la Mora, 2009)

-

𝜆9 = Q.lqqŸ&

C+

C+

D

& 2̅&

&

: gas mean free path

- 𝜇9 : gas viscosity, 𝜌9 : gas density, and 𝑐̅9 : gas molecule mean thermal speed.
3. The orientation-averaged projected area 𝑃𝐴 is calculated as (Sorensen, 2011):
𝜋 ,
𝑃𝐴 = 𝑑3C
4
4. Pre-exponential factor 𝑘G is calculated as(T. Thajudeen et al., 2012):
'#)

,
𝑃𝐴
𝑘G = 𝑁& x , y
𝜋𝑎& 𝛷W
'•
𝑁& #
𝛷W =
𝛼l
𝛼- = 0.439𝐷G, − 2.221𝐷G + 2.787
𝛼l = −0.232𝐷G- + 1.273𝐷G, − 2.183𝐷G + 1.906
5. The hydrodynamic radius 𝑅1 is calculated using an empirical fit (T. Thajudeen et al., 2012) for
10 ≤ 𝑁& ≤ 100, 1.3 ≤ 𝐷G ≤ 2.6

𝑁&
𝑅1 = 𝑎& 𝛷~ x y
𝑘G
𝛷~ =

(
ˆ ‰
#)

1
𝛼( 𝑙𝑛 𝑁& + 𝛼,

𝛼( = 0.253𝐷G, − 1.209𝐷G + 1.433
𝛼, = −0.218𝐷G, + 0.964𝐷G − 0.180
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Steps for calculation of length scales 𝑅1 and 𝑃𝐴 from measured quantities for the cylinders
charging data reported in Gopalakrishnan et al. (2015a)
1. Diameter 𝑑& and length 𝑙& of cylindrical particles reported by original authors from image
analysis is used.
2. The hydrodynamic radius 𝑅1 is calculated using the empirical fit (Hansen, 2004), 𝑥 =
S

ln ~g( ‚:
(

(

3
𝑅1 = ~ 𝑑&, 𝑙& ‚ (1.0304 + 0.0193𝑥 + 0.06229𝑥 , + 0.00476𝑥 - + 0.00166𝑥 l
16
+ 2.66 × 10'5 𝑥 4 )
F
3. The orientation-averaged projected area 𝑃𝐴 = l 𝑑& 𝑙& is calculated using Euler’s formula

for convex shapes
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Steps for calculation of particle mean charge 〈𝑝〉 for comparison with the experimental data
reported by Wen et al. (1984b)
1. Linear chain agglomerate mean primary particle diameter 𝑑& from image analysis, measured
log normally distributed agglomerate aerodynamic diameter with mean 𝑑HC and associated
geometric standard deviation 𝜎9 reported by original authors are used.
Dataset
Primary particle
Chain Distribution
Parameter 𝒌 used to
Diameter
calculate 𝑵𝒑
ä 𝒂𝒆 (𝝁𝒎)
𝒅𝒑 (𝝁𝒎)
𝝈𝒈
𝒅
1
0.081
0.45
1.150
1.18
2

0.075

0.40

1.135

1.20

3

0.066

0.39

1.094

1.24

4

0.059

0.34

1.090

1.27

5

0.051

0.30

1.105

1.32

6

0.041

0.27

1.075

1.38

2. Wen et al. (1984b) use a differential mobility analyzer (DMA) coupled to a condensation
particle counter (CPC) and aerosol electrometer (AEM) to measure the of particle mean charge
〈𝑝〉 and report 〈𝑝〉 as a function of the DMA classification voltage 𝑉#k} from 1 𝑘𝑉 to 10 𝑘𝑉
in steps of 1 𝑘𝑉. Reported values of sheath flow 𝑄1Z = 6.2 𝑆𝐿𝑃𝑀, DMA classification length
𝐿 = 45.52 𝑐𝑚, inner radius 𝑟. = 0.9500 𝑐𝑚 and outer radius 𝑟< = 1.9075 𝑐𝑚 are used.
3. For each dataset (1 – 6), 𝑁Y=.HS = 5000 particles are sampled from the above table to calculate
particle mean charge data for comparison. For each particle,
a. Assuming a fixed 𝑑& from the above table, 𝑑HC value is sampled from a log-normal
distribution with geometric mean 𝑑̅HC and geometric standard deviation 𝜎9 from the
above table
b. Number of primary particles 𝑁& is calculated using the equation (Wen et al., 1984b):
(

5

𝑑HC
1
1 𝜌< ,
𝑁& = ƒ
~ ‚ „
,
𝑑& exp v1.5iln 𝜎 j w 𝑘 𝜌
9
c. The straight chain agglomerate of 𝑁& primary particles is approximated as a cylinder
with diameter 𝑑& and length 𝑙& = 𝑁& 𝑑& .
S

d. The hydrodynamic radius 𝑅1 is calculated as (Hansen, 2004), 𝑥 = ln ~g( ‚:
(

(
-

3 ,
𝑑& 𝑙& ‚ (1.0304 + 0.0193𝑥 + 0.06229𝑥 , + 0.00476𝑥 - + 0.00166𝑥 l
16
+ 2.66 × 10'5 𝑥 4 )
F
e. The orientation-averaged projected area 𝑃𝐴 = l 𝑑& 𝑙& is calculated using Euler’s
𝑅1 = ~

formula for convex shapes.
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f. Using eq. 10 (with eq. 8 and eq. 9) from the main text and ion properties listed in Table
A.2, the charge fraction 𝑓& is computed for 1 ≤ 𝑝 ≤ 10.
g. Using 𝑅1 , 𝑃𝐴 and the gas mean free path 𝜆9 , the particle friction factor 𝜁 is calculated
using the expression derived by Zhang et al. (2012) that has been experimentally tested
for cylinders (Gopalakrishnan et al., 2015a) and aggregates (Thaseem Thajudeen, Jeon,
& Hogan, 2015):
6𝜋𝜇9 𝑅1
𝜁=
𝐶2 i𝐾𝑛& j
}

-

𝐶2 i𝐾𝑛& j = 1 + 𝐾𝑛& x𝐴( + 𝐴, 𝑒𝑥𝑝 ~− •_# ‚y: Cunningham slip correction factor

-

𝐴( = 1.257, 𝐴, = 0.4, 𝐴- = 0.55: slip correction coefficients (Rader, 1990) for air
(Ku & de la Mora, 2009)

-

𝜆9 = Q.lqqŸ&

-

𝜇9 : gas viscosity, 𝜌9 : gas density, and 𝑐̅9 : gas molecule mean thermal speed.

-

𝐾𝑛& =

(

D

& 2̅&

F–& ~H
W}

: gas mean free path

: particle momentum transfer Knudsen number

4. The authors report that a negative voltage was applied on the DMA during classification,
thereby producing mean charge measurements for the positively charged particles. For particle
&C
charges 1 ≤ 𝑝 ≤ 10, the electrical mobility 𝑍& = † is computed for each value of 𝑝.
5. For each particle shape sampled ( 𝑖 denotes iteration, 𝑖 = 1 − 𝑁Y=.HS ), the quantity
i𝑍& j. , i𝑓& j. , i𝑝𝑓& j. are stored.
6. The DMA stepping voltage interval 𝑉#k} = 1 − 11 𝑘𝑉 is discretized in steps of 100 𝑉 to
create a total of 𝑀 = 100 mobility bins. Particles with an electrical mobility 𝑍R =

>
‡H= €•ˆ < ‰
>'

,FM7Z

are

transmitted when the DMA is operated at 𝑉R (𝑗 = 1 − 𝑀) at a sheath flow 𝑄1Z . In this
calculation, it is assumed that the spread of mobility due to finite width of the DMA transfer
function is much narrower than the mobility distribution of the linear chain aggregates.
7. For each of the 𝑁Y=.HS trials described in step 3, based on the value of i𝑍& j. , 1 ≤ 𝑝 ≤ 10, i𝑓& j.
and i𝑝𝑓& j. are binned into the 𝑀 mobility bins each having a midpoint of 𝑍R .

8. The mean charge at a voltage 𝑉R , denoted by 〈𝑝〉R is calculated as
〈𝑝〉R =

E>'?F
∑U
.P( i𝑝𝑓& j
E>'?F
∑U
i𝑓& j.
.P(

.

;𝑗 = 1 − 𝑀

9. 〈𝑝〉R as a function of 𝑉R is directly compared against the measurements of 〈𝑝〉 vs 𝑉#k} reported
by Wen et al.(Wen et al., 1984b) for 𝑉#k} = 1, 2, 3, 4, 5, 6, 7, 8, 9, 10 𝑘𝑉. Figures 11 and 12 in
the main text plot the experimentally measured and computed 〈𝑝〉 vs 𝑉#k} .
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Steps for calculating 𝛽. from specified particle shape, size, ion properties and gas parameters
Assumptions:
1. Dilute particle and ion concentration so that ion-ion and particle-particle interactions are
neglected.
2. Particles, ions and background gas molecules are in thermal equilibrium at a common
temperature of 𝑇9 .
3. Ion is a point mass of zero radius.
4. Particle shape is specified. 𝑅1 , 𝑃𝐴 can be evaluated using efficient algorithms
(Gopalakrishnan et al., 2011b; Pease et al., 2010; Shvartsburg et al., 2007; T. Thajudeen et
al., 2012) for any given shape using the generalized algorithms from the literature and also
described in the Supplemental Information of Gopalakrishnan et al. (2011b). For certain
shapes, the following relations are recommended:
𝑹𝒔 , 𝑷𝑨

Shape
Sphere of radius 𝑎&

𝑅1 = 𝑎&
𝑃𝐴 = 𝜋𝑎&,

Cylinder of diameter 𝑑& and Valid for cylinders with S( = 0.01 − 100 developed by
g(
S
length 𝑙& , 𝑥 = ln ~g( ‚
Hansen (2004):
(

(

3
𝑅1 = ~ 𝑑&, 𝑙& ‚ (1.0304 + 0.0193𝑥 + 0.06229𝑥 ,
16
+ 0.00476𝑥 - + 0.00166𝑥 l + 2.66 × 10'5 𝑥 4 )

𝑃𝐴 =

𝜋
𝑑 𝑙
4 &&

Fractal
agglomerates Valid for sequential algorithm generated agglomerates
consisting of 𝑁& point composed of 𝑁& = 10 − 100 primary particles, 𝑘G = 1.3, and
contacting primary spheres 𝐷G = 1.3 − 2.6 developed by T. Thajudeen et al. (2012):
(each of radius 𝑎& ). A fractal
(
ˆ ‰
relationship is used to describe
𝑁& #)
𝑅1 = 𝑎& 𝛷~ x y
the relation between the radius
𝑘G
of gyration 𝑅9 and number of
1
primary particles 𝑁& :
𝛷~ =
𝛼( 𝑙𝑛 𝑁& + 𝛼,
𝑅9
#)
= 𝑘G 𝑁&
𝑎&
𝛼( = 0.253𝐷G, − 1.209𝐷G + 1.433
𝛼, = −0.218𝐷G, + 0.964𝐷G − 0.180
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Here, 𝑘G is the fractal prefactor and 𝐷G is the fractal
dimension (1 < 𝐷G < 3)

𝑁&
𝑃𝐴 = 𝜋𝑎&, 𝛷W x y
𝑘G

,
ˆ ‰
#)

'•

𝑁& #
𝛷W =
𝛼l
𝛼- = 0.439𝐷G, − 2.221𝐷G + 2.787
𝛼l = −0.232𝐷G- + 1.273𝐷G, − 2.183𝐷G + 1.906
Step 1: Required parameters

𝑚. =

k¤A
U?[

Smoluchowski radius

𝑅1

Orientation-averaged projected area

𝑃𝐴

Particle charge (integer)

𝑧&

Particle dielectric constant

𝜀=

Ion charge (integer)

𝑧. = ±1

Background gas temperature (K)

𝑇9

Ion mass (kg per molecule)

𝑚.
@9

where 𝑀𝑊𝑇 is the ion molecular weight in 3<SC and 𝑁Hu =
6.023 × 10,-

#

3<SC

is the Avagadro’s constant
𝑓.

Ion friction factor (kg/s)
𝑓. =
𝑓. =

@% A'
#'

|B' |C
D'

3$

where 𝜇. is the ion mobility v1.7 w or
3$

where 𝐷. is the ion diffusion coefficient v

1

w

Step 2: Calculate the particle-ion electrostatic potential energy normalized by ion thermal energy
𝛹$ = −

𝑧& 𝑧. 𝑒 ,
4𝜋𝜀< 𝑅1 𝑘> 𝑇9

𝛹$ > 0 for 𝑧& 𝑧. < 0 and 𝛹$ < 0 for 𝑧& 𝑧. > 0
Step 3: Calculate the particle-ion image potential energy normalized by ion thermal energy
𝛹% =

𝜀= − 1
𝑧., 𝑒 ,
𝜀= + 1 4𝜋𝜀< 𝑅1 𝑘> 𝑇9
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Step 4: Calculate the continuum and free molecular enhancement factors for the combined
Coulomb-image potential interactions
Step 5: Calculate the particle-ion length scale 𝐿•_ and the diffusive Knudsen number 𝐾𝑛# :
𝐿•_ =

𝑃𝐴𝜂G (𝛹$ , 𝛹% )
𝜋𝑅1 𝜂2 (𝛹$ , 𝛹% )

𝐾𝑛# =

{𝑚. 𝑘> 𝑇9
𝑓. 𝐿•_

Step 6: Using the regression equations in Sec. S2, calculate the fit constants 𝐴, 𝐵, 𝐶, 𝑘 that
determine µ along with 𝐾𝑛#
Step 7: Using 𝐴, 𝐵, 𝐶, 𝑘, calculate 𝜇
(

(

ln 𝐾𝑛# − 𝐵 '@'(
ln 𝐾𝑛# − 𝐵 '@
⎧𝐶
~1 + 𝑘
‚
exp ƒ− ~1 + 𝑘
‚ „ , 𝛹$ > 0
𝜇(𝐾𝑛# , 𝛹$ , 𝛹% ) = 𝐴
𝐴
𝐴
⎨
⎩
0, 𝛹$ ≤ 0
Step 8: Calculate the hard sphere value of 𝐻KL (𝐾𝑛# )
4𝜋𝐾𝑛#, + 25.836𝐾𝑛#- + √8𝜋𝐾𝑛# (11.211𝐾𝑛#- )
𝐻KL (𝐾𝑛# ) =
1 + 3.502𝐾𝑛# + 7.211𝐾𝑛#, + 11.211𝐾𝑛#Step 9: Calculate 𝐻(𝐾𝑛# , 𝛹$ , 𝛹% ) = 𝑒 N 𝐻KL (𝐾𝑛# )
/

The described model is valid for the range −60 ≤ 𝛹$ ≤ 60, 0 ≤ |/ ! | ≤ 1, 0 < 𝐾𝑛# ≤ 2000
"

Step 10: Using the definition of 𝐻, calculate 𝛽. with appropriate units
(

𝑃𝐴𝜂G , 1 𝐿K = x~
‚
y
𝜋
𝑅1 𝜂2
𝐻𝑓. 𝐿-K
𝛽. =
𝑚.
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Appendix-C Support Information for Chapter 4
1. Regression equation for 𝜇(0.01 < 𝐾𝑛# ≤ 2000,0 < 𝛹$ ≤ 300, 0 < 𝑆# < ∞) developed
by extending the model of Chahl and Gopalakrishnan (2019)
2. Plots of the model parameter 𝜇(𝐾𝑛# , 𝛹$ , 𝑆# ) for 𝛹$ = 60 (panel A), 𝛹$ = 100 (panel B),
𝛹$ = 200 (panel C), and 𝛹$ = 300 (panel D) shown using data points for 𝑆# = 20 (blue
filled triangles), 𝑆# = 100 (green filled squares) and 𝑆# = ∞ (red filled circles) for
0.01 ≤ 𝐾𝑛# ≤ 2000. The regression fit (eq. 6b from the main text) is shown as dashed
lines.
3. Plots of the % difference between 𝐻M# and 𝐻CO.l defined as v1 −

K+,.I
K/0

w % for 𝛹$ =

60, 100, 200, 300 for 𝑆# = 20, 100, ∞ for 0.01 ≤ 𝐾𝑛# ≤ 2000. In each panel, reference
lines at % difference levels of ±10% and ±20% are using black dashed lines. To be read
in conjunction with Figure 1 from the main text that shows the non-dimensional particleion collision rate coefficient 𝐻(𝐾𝑛# , 𝛹$ , 𝑆# ).
4. Experimental inputs used to compute grain charge for comparison with PK-4 experimental
data
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Table C.1: Regression equation for 𝜇(𝐾𝑛# , 𝛹$ , 𝑆# )
The parameter 𝜇(𝐾𝑛# , 𝛹$ , 𝑆# ) presented in Figure C.1, is summarized for 0 < 𝛹$ ≤ 300, 0 <
𝑆# < ∞, 𝐾𝑛# ≤ 2000.
(

(

𝐶
ln 𝐾𝑛# − 𝐵 '@'(
ln 𝐾𝑛# − 𝐵 '@
𝜇(𝐾𝑛# , 𝛹$ , 𝑆# ) = ~1 + 𝑘
‚
exp ƒ− ~1 + 𝑘
‚ „,𝑘 ≠ 0
𝐴
𝐴
𝐴
𝐴(𝛹$ , 𝑆# ) = 2.8𝛼(𝛹$ , 𝑆# )
0,
𝑆# < 10
⎧
⎪
𝑎( (𝛹$ )
𝛼(𝛹$ , 𝑆# ) = 1 + H$ (/" ) , 10 ≤ 𝑆# ≤ 1000
𝑆#
⎨
⎪
1, 𝑆# > 1000
⎩
𝑎( = −0.003998Ψ$ − 0.3929
𝑎, = 0.001431Ψ$ + 0.1791
𝐵(𝛹$ , 𝑆# ) = 𝛽( (𝛹$ )𝛽, (𝛹$ , 𝑆# )
𝛽( (𝛹$ ) = 𝑏( exp (−𝑏, 𝛹$ ) + 𝑏- log(1 + 𝑏l 𝛹$ )
0,
𝑆# < 10
⎧
⎪
𝑏0 (𝛹$ )
𝛽, (𝛹$ , 𝑆# ) = 1 + ¥I(/" ) , 10 ≤ 𝑆# ≤ 1000
𝑆#
⎨
⎪
1, 𝑆# > 1000
⎩
𝑏( = 1.76, 𝑏, = 4.956 , 𝑏- = 0.6109 , 𝑏l = 2.925
𝑏0 = (3.23 × 10'0 )𝛹$, − 0.008786Ψ$ − 1.557
𝑏5 = −0.0006008Ψ$ + 0.5654
2

𝐶(𝛹$ , 𝑆# ) = i𝑐( 𝛹$ $ + 𝑐- j𝛾(𝛹$ , 𝑆# )
0,
𝑆# < 10
⎧
⎪
𝑐l (𝛹$ )
𝛾(𝛹$ , 𝑆# ) = 1 + 26 (/") , 10 ≤ 𝑆# ≤ 1000
𝑆#
⎨
⎪
1, 𝑆# > 1000
⎩
𝑐( = 32.64, 𝑐, = 0.1362 , 𝑐- = −33.2, 𝑐l = −2.4
𝑐0 = 0.9898𝜓$'Q.(5l
@

𝑘(𝛹$ , 𝑆# ) = (𝑘( 𝛹$ $ + 𝑘- )
𝑘( = −0.03425, 𝑘, = 0.4494, 𝑘- = 0.0864
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Figure C.1: Plots of the model parameter 𝜇(𝐾𝑛# , 𝛹$ , 𝑆# ) for 𝛹$ = 60 (panel A), 𝛹$ = 100
(panel B), 𝛹$ = 200 (panel C), and 𝛹$ = 300 (panel D) shown using data points for 𝑆# = 20
(blue filled triangles), 𝑆# = 100 (green filled squares) and 𝑆# = ∞ (red filled circles) for 0.01 ≤
𝐾𝑛# ≤ 2000. The regression fit (eq. 6b from the main text) is shown as dashed lines.
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Figure C.2: Plots of the % difference between 𝐻M# and 𝐻CO.l defined as v1 −

K+,.I
K/0

w % for 𝛹$ =

60, 100, 200, 300 for 𝑆# = 20, 100, ∞ for 0.01 ≤ 𝐾𝑛# ≤ 2000. In each panel, reference lines at %
difference levels of ±10% and ±20% are using black dashed lines. To be read in conjunction with
Figure 1 from the main text that shows the non-dimensional particle-ion collision rate coefficient
𝐻(𝐾𝑛# , 𝛹$ , 𝑆# ).
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Experimental inputs used to compute grain charge for comparison
The electrical mobility of 𝑁𝑒 * ions in 𝑁𝑒 is calculated using the reduced mobility equation that
accounts for pressure and temperature dependence:
µUC 4 = µ=UC 4 x

𝑇9
760
y~
‚
𝑝9
273.16

Here, 𝑇9 is gas temperature in 𝐾 and 𝑝9 is pressure in 𝑇𝑜𝑟𝑟, and µ=UC 4 = 4.15

23$
1.7

is zero-field

reduced mobility. Other experimental inputs are summarized in Tables C.2-A and C.2-B;
uncertainties are summarized in Table C.2-C. Finally, the 𝛹$ , 𝐾𝑛# , 𝑆# range covered by the
experimental data is summarized in Table C.2-D.
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Table C.2-A: Experimental inputs reported by Ratynskaia et al. (2004) used for analysis.
Neutral gas pressure 𝑝9

𝑝9 ∈ 20 − 100 𝑃𝑎

Neutral gas temperature 𝑘> 𝑇9

0.03 𝑒𝑉

Neutral gas molecule number
concentration 𝑛9

𝑛9 =

𝑝9
𝑘> 𝑇9

Ion elementary charge 𝑧.

+1

Ion temperature 𝑘> 𝑇.

0.03 𝑒𝑉

Ion molar mass 𝑀.

0.020

𝑘𝑔
𝑚𝑜𝑙𝑒

𝑚. = 3.32 × 10',5 𝑘𝑔

Ion mass 𝑚.
Ion Debye length 𝜆#.

𝜆#. = é

𝜀< 𝑘> 𝑇.
𝑛. 𝑧., 𝑒 ,

Electron number concentration
𝑛C

Regression of data presented in (Ratynskaia et al., 2004)

Electron temperature 𝑘> 𝑇C

Regression of data presented in (Ratynskaia et al., 2004)

𝑛C = i0.9 + 0.03𝑝9 j × 10E 𝑐𝑚'-

𝑘> 𝑇C = i8.3 − 0.02𝑝9 j 𝑒𝑉
Electron Debye length 𝜆#C

Axial electric field 𝐸B

𝜀< 𝑘> 𝑇C
é
𝑛C 𝑧C, 𝑒 ,
Regression of data presented in (Ratynskaia et al., 2004)
𝑉
𝑐𝑚
𝑔
1.51
𝑐𝑚-

𝐸B = 2.1
Grain material density 𝜌g
Grain radius 𝑎&

0.6 𝜇𝑚

Grain number concentration 𝑛g

4 × 100 𝑐𝑚'-
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Table C.2-B: Experimental inputs reported by S. A. Khrapak et al. (2005) used for data analysis.
Neutral gas pressure 𝑝9

𝑝9 ∈ 20 − 150 𝑃𝑎

Neutral gas temperature 𝑘> 𝑇9

0.03 𝑒𝑉

Neutral gas molecule number
concentration 𝑛9

𝑛9 =

𝑝9
𝑘> 𝑇9

Ion elementary charge 𝑧.

+1

Ion temperature 𝑘> 𝑇.

0.03 𝑒𝑉

Ion molar mass 𝑀.

0.020

𝑚. = 3.32 × 10',5 𝑘𝑔

Ion mass 𝑚.
Ion Debye length 𝜆#.

Electron number concentration
𝑛C

𝑘𝑔
𝑚𝑜𝑙𝑒

𝜆#. = é

𝜀< 𝑘> 𝑇.
𝑛. 𝑧., 𝑒 ,

Regression of data presented in (S. A. Khrapak et al.,
2005)
𝑛C = i0.9 + 0.03𝑝9 j × 10E 𝑐𝑚'-

Electron temperature 𝑘> 𝑇C

Regression of data presented in (S. A. Khrapak et al.,
2005)
𝑘> 𝑇C = i8.3 − 0.02𝑝9 j 𝑒𝑉

Electron Debye length 𝜆#C

Axial electric field 𝐸B

𝜀< 𝑘> 𝑇C
é
𝑛C 𝑧C, 𝑒 ,
Regression of data presented in (S. A. Khrapak et al.,
2005)
𝑉
𝑐𝑚
𝑔
1.51
𝑐𝑚-

𝐸B = 2.1
Grain material density 𝜌g
Grain radius 𝑎&

0.6 𝜇𝑚, 1.0 𝜇𝑚, 1.3 𝜇𝑚

Grain number concentration 𝑛g

4 × 100 𝑐𝑚'-
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Table C.2-C: Uncertainties in measurements reported by PK-4 charging studies
Electron number concentration

30% in (S. A. Khrapak et al., 2005)

Electron temperature

15%

Particle drift velocity

10 − 15 %

Electric field

5 − 10 %

Particle number concentration

50%

Uncertainty estimation:
,
,
(∆𝑍& )Y<YHS
∆𝑍& (∆𝑇C )
∆𝑍& (∆𝑛C )
= éê
ë +ê
ë
𝑍& (𝑇C , 𝑛C )
𝑍& (𝑇C , 𝑛C )
𝑍& (𝑇C , 𝑛C )
∆𝑍& (∆𝑇C ) = 𝑍& (𝑇C + ∆𝑇C ) − 𝑍& (𝑇C − ∆𝑇C )
∆𝑍& (∆𝑛C ) = 𝑍& (𝑛C + ∆𝑛C ) − 𝑍& (𝑛C − ∆𝑛C )
(𝑇
Upper bound curve: 𝑍& C , 𝑛C ) + (∆𝑍& )Y<YHS
Lower Bound curve: 𝑍& (𝑇C , 𝑛C ) − (∆𝑍& )Y<YHS
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Table C.2-D: Range of 𝛹$ , 𝑆# , 𝐾𝑛# of the considered experimental studies
Ratynskaia et al.
𝒂𝒑 = 𝟎. 𝟔 𝝁𝒎

Khrapak et al.
𝟎. 𝟔 𝝁𝒎

𝟏. 𝟎 𝝁𝒎

𝟏. 𝟑 𝝁𝒎

Min.

Max.

Min.

Max.

Min.

Max.

Min.

Max.

𝜳𝑬

83.6

121.8

76.3

137.1

85.0

128.4

96.5

125.9

𝑺𝑫

108.6

175.1

92.3

188.9

55.4

113.3

42.6

87.2

𝑲𝒏𝑫

45.2

232.6

29.5

353.6

14.3

184.2

9.4

129.6
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